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Abstract

The reactive paradigm of robotics is based on the relatively simple behaviours
found in nature, where complex actions are performed through the interaction be-
tween simple behaviours. Each behaviour acts as a direct correspondence between
sensory input and the actions performed by the system.

Association rules will be used to provide that mapping between stimuli and
response. The rule discovery process requires that the input spaceis discretized,
a requirement that offers two distinct problems; determining the optimal number
of discrete partitions and the exact extent of each partition. A simple iterative
approach to the first problem will be proposed, and genetic algorithms will be used
to find the optimal set of partitions. This will allow for a system to autonomously
create the set of association rules and thus learn the behavioural mapping.

As will be shown, the combined use of genetic algorithms and the iterative
algorithm for determining the optimal number of discrete partitions is sufficient
for the system to learn the behaviour.

By using the set of association rules to provide the stimuli/response mapping
there is a large chance of multiple rules matching any given set of input data.To
aggregate the resulting action of all matching rules, a method based on principles
traditionally used in fuzzy logic controllers will be proposed. This method will be
evaluated against a simpler majority vote-algorithm to determine which approach
is better.

The results of the comparison strongly suggests that the aggregation of rules
using fuzzy logic concepts, is not sufficiently superior to justify its increased com-
plexity compared to the simpler majority vote-algorithm.





Contents

1 Introduction 1
1.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Association Rules 3
2.1 Generating Rules . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Genetic Algorithms 7
3.1 Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.2.1 Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.3.1 Mutation . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3.2 Recombination . . . . . . . . . . . . . . . . . . . . . . . 12

4 Fuzzy Systems 15
4.1 Fuzzy Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.2 Linguistic Variables . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.3 Fuzzy Controller . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.3.1 Fuzzification . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3.2 Knowledge Base . . . . . . . . . . . . . . . . . . . . . . 22
4.3.3 Inference Engine . . . . . . . . . . . . . . . . . . . . . . 25
4.3.4 Defuzzification . . . . . . . . . . . . . . . . . . . . . . . 27

5 Learning Behavioural Mappings 29
5.1 Previous Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
5.2 Hardware . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
5.3 Extracting Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
5.4 Controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
5.5 Determining Optimal Borders . . . . . . . . . . . . . . . . . . . 33

5.5.1 Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.6 Determining Border Count . . . . . . . . . . . . . . . . . . . . . 40

5.6.1 Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.7 Fuzzified Borders . . . . . . . . . . . . . . . . . . . . . . . . . . 44

iii



CONTENTS

5.7.1 Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.8 Choosing Algorithms and Parameters . . . . . . . . . . . . . . . 51

6 Summary and Conclusions 55

7 Acknowledgements 57

A Notation 63

iv



List of Figures

3.1 Linear and nonlinear rank scaling . . . . . . . . . . . . . . . . . . 10
3.2 Example of mutation . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3 Illustration of one-point crossover . . . . . . . . . . . . . . . . . 12

4.1 A fuzzy and crisp representation of “close to zero” . . . . . . . . 17
4.2 Example of hedges applied to a linguistic value . . . . . . . . . . 20
4.3 The structure of a fuzzy controller . . . . . . . . . . . . . . . . . 21
4.4 Examples of common membership functions . . . . . . . . . . . . 23

5.1 The Khepera robot . . . . . . . . . . . . . . . . . . . . . . . . . 31
5.2 Controllers used for experiments . . . . . . . . . . . . . . . . . . 34
5.3 Example of solution space . . . . . . . . . . . . . . . . . . . . . 36
5.4 The chromosome structure expressing a set of borders . . . . . . . 37
5.5 Impact of the number of borders on fitness . . . . . . . . . . . . . 43
5.6 Fitness of a remote controlled behaviour for differentη . . . . . . 44
5.7 Example of chromosome structure for a set of fuzzy borders . . . 45
5.8 Histogram over observed frequency of results . . . . . . . . . . . 48
5.9 Fuzzified borders . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.10 Effect of population size for rate of convergence . . . . . . . . . . 51
5.11 Convergence rate of a random search and genetic algorithms . . . 52

v





List of Tables

4.1 Membership grades for “young” and “old” people . . . . . . . . . 16
4.2 Fuzzy conjunctions and disjunctions . . . . . . . . . . . . . . . . 26

5.1 Motor control actions . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2 Performance for a known controller . . . . . . . . . . . . . . . . 37
5.3 Set of association rules for remote controlled corridor follower . . 39
5.4 Performance for a remote controlled corridor follower . . . . . . . 39
5.5 Performance usingindividual borders . . . . . . . . . . . . . . . 40
5.6 Comparison of different performance measures . . . . . . . . . . 46
5.7 Comparison of mean fitness for different fuzzy methods . . . . . . 50

vii





Chapter 1

Introduction

Robotics has become an important field with many applications, ranging from in-
dustrial robots building cars to autonomous vacuum cleaners in our homes.The
versatility of robots are hampered by the complexity required to assign new tasks
for a robot to perform. Teaching an autonomous lawn mower not to run over a
particular flower bed should not require the assistance of an expert programmer.

To facilitate this the “Programming by Demonstration” methodology was pro-
posed, where the goal is to provide rather simple means for a teacher to instruct
a robot to perform certain actions and tasks. The system responds by recording
the actions of the teacher, analyses it and should then be capable of performing the
relevant task.1

We will borrow concepts traditionally used in data mining applications, to con-
struct a system that is capable of autonomously learning tasks demonstratedto it
by a teacher using a remote control. The learning process works by extracting
association rules from the data recorded when the system “observed” the teacher.
This rule base then provides a mapping between the sensor input and the action the
robot should perform as a response.2

To extract the association rules, the raw sensor data recorded during the demon-
stration has to be discretized into a finite number of partitions. These partitions
corresponds to different distances, e.g. “long distance” or “very short distance”. In
order for the system to be able to autonomously learn the behaviour, it has tobe
capable of determining how many such partitions are required, together with the
borders defining the partitions themselves. Solving this problem will be done by
using genetic algorithms, since they perform well with problems of high dimen-
sionality.

Since the association rules are created to be quite general, there is a high prob-
ability of multiple rules matching a given set of sensor readings. In an attempt at
solving this problem (or at least to ameliorate it), concepts from fuzzy logic and

1Dillman et al. [8] provides a general overview of this technique.
2In this thesis we shall limit ourselves to only consider purely reactive behaviours, e.g. “follow

wall” or “avoid obstacle”.
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1.1. RELATED WORK

fuzzy set theory will be used to allow for non-crisp partitions. This method will
then be evaluated and compared against alternative methods proposed byHell-
ström [14].

1.1 Related Work

The basic approach of learning the underlying behaviour by extracting association
rules from recorded data was originally proposed by Hellström [14]. Inhis work it
was assumed that the partitioning scheme3 was already known, which introduced
a limit to the flexibility of the system. In reality only manually coded controllers
were plausible (see Section 5.4).

We will extend his work by allowing the system to find and determine the
partitioning scheme autonomously, something which allows for remote controlled
demonstration of behaviours. Comparing the possibilities offered by this approach
to those from manually coded controllers, should make the gains obvious.

Hellström outlined a solution to the multiple rules matching problem, by using
a majority vote between all the matching rules. His method will be compared to
our method (based on fuzzy logic) to see which approach that is more powerful.

1.2 Outline

This thesis is organised into two parts, the first pertaining to the theoretical frame-
work underlying the concepts used in the second part.

In order to understand the basic approach, a short overview of association rules
and their related concepts is given in Chapter 2. The association rules aredepen-
dant upon discretized partitions, and the finding of these partitions is done using
genetic algorithms. The necessary information regarding genetic algorithms and
how they work can be found in Chapter 3. The various aspects of fuzzysystems
(a collective name for fuzzy logic, fuzzy set theory and fuzzy logic controllers) are
covered in detail in Chapter 4.

The second part of the thesis, Chapter 5, concerns the various aspects of au-
tonomously learning the behavioural mappings. This includes finding the optimal
number of partitions, finding the optimal set of borders that defines the partitions
and lastly finding and evaluating the fuzzy approach to handling the matching of
multiple rules. A small summary of the notation used in Chapter 5 can be found in
Appendix A. The conclusions that can be drawn from the results obtainedin the
previous chapters are gathered in Chapter 6.

3The number of partitions and the borders that define the partitions are collectively referred to as
a partitioning scheme.
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Chapter 2

Association Rules

Association rules are often used in data mining applications, where the system
tries to extract information from huge data sets. In the case of a supermarket these
data sets often consists of the items bought by its customers at different times (i.e.
the basketdata). The concept was originally developed as a means to determine
trends and used for setting prices, discounts and how to place shelves (e.g. which
items should be placed next to each other). Knowing which items are often bought
together can be useful, an example of that could be “60 percent of all customers
who bought bread, also bought cheese and butter at the same time”. Association
rules are capable of discovering these patterns automatically, which makes them
very useful [1].

The association rule consists of two components, the antecedent and the con-
sequent. In our example the antecedent consists of “bread” and the consequent is
made up of “cheese and butter”. An important concept is the notion of confidence,
which in this case would be “60 percent”. This means that in 60 percent of the
cases when someone bought bread they also bought the other items (cheese and
butter).

An association rule can be defined more formally as follows [2, 26]. LetI =
{i1, i2, . . . , in} be the universe of discourse, where each member is called an item.
LetD be a set of transactions where each transactionT ⊆ I is a set of items. Then
an association rule is an implicationX ⇒ Y, whereX ⊂ I is the antecedent, the
consequentY ⊂ I andX∩Y = /0 (i.e. no item in the consequent may appear in the
antecedent and vice versa).

From this follows several important concepts and definitions, which are used
for several different purposes. Some of these provides differentmeasures as to the
quality of a rule.

The coverof a subset of itemsX is defined to be the number of transactions
containing all the items ofX divided by the total number of transactions, or for-
mally:

cover(X) =
|{T | T ∈ D ∧X ⊆ T}|

|D | .
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Building on this definition, thecoverageof an association ruleX ⇒Y becomes:

coverage(X ⇒Y) = cover(X) .

This definition simply says that thecoverageof a rule is the ratio of occurrences of
its antecedent.

A similar measure is calledsupport1 and measures the proportion of transac-
tion that contains both the antecedent and the consequent of a rule.

support(X ⇒Y) = cover(X∪Y)

Perhaps one of the most useful measures, is the confidence or strengthof a rule
(in the example used the confidence was 60 percent).2 The confidence is the ratio
of transactions containing the antecedent that also contains the consequent, or (less
confusing):

strength(X ⇒Y) =
support(X ⇒Y)

coverage(X ⇒Y)
. (2.1)

One of the classical measures of the quality of a rule is the lift. This measure
takes into account the (in)dependence of the items in the rule. If the antecedent and
consequent are independent they may still occur together often enough(by chance)
that rules are generated with a high strength. These rules are of low qualitysince
they do not contain any important information. The lift calculates the ratio between
the support of the rule if the antecedent and consequent were dependant and the
support if they actually wereindependent. This can be formulated as:

li f t (X ⇒Y) =
support(X ⇒Y)

cover(X) ·cover(Y)
.

Whenever theli f t deviates from 1.0, it indicates that a significant dependency
exists between the antecedent and consequent.

The final function which shall be mentioned is the notion of leverage (also
known as the weighted relative accuracy in a rewritten form), which yields the
number of additional transactions found compared to those expected if the an-
tecedent and consequent were assumed to be independent.

leverage(X ⇒Y) = support(X ⇒Y)−cover(X) ·cover(Y) .

The following example will hopefully help to clarify these definitions and the
terminology used. LetI = {apple, orange, pear, banana}, and the basket data
consists of:

D = {{apple, orange} ,{apple, pear} ,
{apple, orange, banana} ,{orange, banana}}.

1In this thesis there might be a degree of confusion surrounding this term,since it is also intro-
duced in fuzzy set theory (Chapter 4) albeit with a different meaning.

2This measure is the one mostly used within this thesis, for example acting as a threshold value
to filter out low quality rules.
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CHAPTER 2. ASSOCIATION RULES

Consider the ruleapple⇒ orange, then the different measures is calculated to be
(using the previous definitions):

coverage(apple⇒ orange) = 0.75

support(apple⇒ orange) = 0.5

strength(apple⇒ orange) ≈ 0.67

li f t (apple⇒ orange) ≈ 0.89

leverage(apple⇒ orange) ≈ −0.06.

2.1 Generating Rules

In the preceding example, the rule that was considered was assumed to be known
beforehand. Finding these rule may appear difficult, but it can be done automati-
cally using several different algorithms. One of the simpler and popular algorithms
is the Apriori algorithm designed by Agrawal et al. [2],3 others make use of more
advanced methods such as the Opus algorithm [25].

Even though there are many different algorithms to mine the association rules
from databases, it should be pointed out that they all yield the same rule base.
The main difference between different algorithms is their efficiency, i.e. thetime
required to create the rule base. Furthermore, the mining of association rules is
not to be confused with other forms of rules (such as those commonly used in
classification) [11].

When association rules are created they are constrained by two factors [1]:

1. Syntactic constraints: This limits the appearances of the rules, determining
factors such as the number of items allowed to occur in either (or both) of
the antecedent or consequent. It also determines which items may appear in
which part of the rule, or which items that may appear together. An exam-
ple of a syntactic constraint might be that “oranges may only appear in the
consequent”.

2. Support constraints: The support corresponds to the statistical significance
of a rule. This constraint is used such that only rules above a certain thresh-
old are deemed interesting, and others are ignored. Most commonly used
during the actual rule generation, where only the rules above the threshold
are considered.

All of the algorithms used to generate the association rules work by the same
main principles. First they generate a possible rule that complies with the syntactic
constraints, then this rule is compared against the support constraints. Ifthe support
of the rule is above the threshold value it is kept, otherwise ignored. When no more

3The software used (aptly named Apriori) in Chapter 5 to create the association rules uses the
Apriori algorithm.
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2.1. GENERATING RULES

rules can be generated, the algorithm is finished. This rather simple method works,
the trick is to do this in as an efficient manner as possible (remember that some
databases might span billions of transactions).

To increase the efficiency of the rule generation, there is one important property
which is used. Namely, that the support of a rule can never be higher thanthe
support of any subset of that rule. This means that the ruleapple∧ banana⇒
orangecan never have a support higher thanapple⇒ orange. So, if the latter rule
fails to conform to the support constraint, then the former rule is guaranteed to also
fail. This property is the main driving force behind the Apriori algorithm [2].

6



Chapter 3

Genetic Algorithms

Genetic algorithms are a part of a much wider field called evolutionary compu-
tation, which includes other areas such as evolutionary programming. The idea
behind evolutionary computation comes originally from the biological equivalent,
where a group of individuals are competing for resources against each other. In-
dividuals with a high fitness will have a better chance at producing offspring than
those that are unfit. Since the traits of the parents are passed on to their offspring,
the children in turn will have a higher probability of survival than the children of
less fit parents. In essence, this is “survival of the fittest”.

It should be reasonably clear that the process of evolution is analogousto an
optimisation algorithm. Each generation will force the individuals to become more
and more adapted to the specific environment, and thus becoming better at solving
the particular problems within that domain. Those individuals which are unable
to adapt and compete will be unable to produce offspring, this creates a selective
pressure against unfit individuals.

Genetic algorithms are based upon the same mechanisms that drives biological
evolution. This includes selection, reproduction, mutation and competition. This
approach to optimisation has several advantages compared to classical techniques
(e.g. gradient descent or deterministic hill climbing), in that they are better athan-
dling nonlinear problems with chaotic or stochastic properties. Genetic algorithms
also work well in high dimensionality problems (i.e. a lot of dependant variables
interacting in complex ways).

The terminology used when dealing with genetic algorithms and evolutionary
computation borrows heavily from biology. For genetic algorithms to be of anyuse
in solving a problem, the problem must be possible to encode in a suitable form.
The variables describing the problem and possible solutions are combined toform
a chromosome, each part of the chromosome that corresponds to a variable is often
referred to as an allele. The exact appearance of the chromosome is dependant on
the representation chosen. In the case of a binary representation the chromosome
consists of a binary string and each allele is a substring of binary digits.

The population consists of a number of individuals, and each individual corre-

7



3.1. REPRESENTATION

sponds to a chromosome. Through the mechanisms of evolution the population will
gradually converge towards the global optimum of the problem. This algorithmis
typically made up of the following steps [5]:

1. Selection: A number of individuals are chosen from the population, where
individuals with a high fitness has a higher probability of being chosen.

2. Recombination: A certain number of those chosen by the selection algo-
rithm, are submitted to recombination. Where new individuals are produced
by combining aspects of the old individuals.

3. Mutation: Each part of the chromosomes have a certain low probability of
being subjected to random changes.

The details surrounding these concepts will be covered in the following sections.

3.1 Representation

The choice of representation should not only be based on the problem in question,
but also take into account the search method that will be used. In most typesof
optimisation algorithms the problems and solutions are represented by real val-
ued vectors. However, in genetic algorithms the most popular representation has
been (and still remains) the binary representation, where the proposed solution is
encoded as a string of binary digits.

Encoding the problem as a binary string suggests that only discrete problems
may be considered. This limitation of the binary representation may be worked
around though, by mapping the range of the respective real variables onto the range
of the binary equivalents. That is, consider a variable that may assume values
betweena andb, then 0002 maps toa and 1112 maps tob. The intermediate values
of the real variable can then be mapped to the other possible values of the three digit
binary code. It should be obvious that there is a loss of precision corresponding to
the length of the binary string [5].

Besides the possible problems of precision that may arise by using a binary
representation, there is also the so called “Hamming cliff problem”. This is caused
by the fact that two consecutive numbers may differ in many places, e.g. thenum-
ber three is coded in binary as 0112 and the following number four would then be
1002 thus differing in three places (the two representation is said to have a Ham-
ming distance of three). This lessens the strength of the mutation-operator since
the probability that making a small change in the string would cause a large change
in the output becomes quite high [7].

The solution to this problem is to use a Gray code. This is a transformation of
the binary code which ensures that two consecutive values always have a Hamming
distance of one. In the preceding example the two numbers becomes 3→ 010Gray

and 4→ 110Gray, which now differ in only one place.

8



CHAPTER 3. GENETIC ALGORITHMS

Besides the binary representation there are several other possible representa-
tions, some of which are highly problem dependant (such as the finite-stateand
parse trees). Others are more general, including using real values directly [5].

3.2 Selection

Selection is one of the important concepts of genetic algorithms, in fact the entire
field of evolutionary computation, used to provide the driving force behindthe
mechanism. The purpose of selection is to favour individuals with a high fitness
score, allowing them to reproduce and create more children than comparedto those
individuals with a lower fitness score. Individuals with a high fitness shouldhave a
higher probability of producing offspring, thus ensuring that the population strives
towards the optimum solution.

If only those individuals with the highest fitness is allowed to reproduce, there
is a risk that the population converges to a local optimum instead of the global. To
combat this problem, it is important that there is a chance for those individualsthat
are less fit to reproduce. This ensures a higher genetic diversity in the population,
which is especially important when the population size is small since otherwise the
offspring of the most fit individual will dominate the population after only a few
generations.

The objective function defined by the user is the function the system is trying
to optimise (i.e. minimise or maximise). It is important that this function is chosen
well and that it reflects the problem. Genetic algorithms have a strong tendency to
exploit “weaknesses” in the objective function, causing the population to converge
to non-optimal solutions. This problem is especially prevalent when the objective
function only provides an approximation to thereal function, e.g. when the real
function is too complex or unknown.

The fitness functionΦ : Ax → R
+, whereAx is the objective variable space,

maps the objective function into a non-negative real value. This is required by
many different selection and scaling algorithms, even though some such as the
rank scaling works quite well with negative fitness functions (see Section 3.2.1).

The selection algorithms can be divided into two main classes, those that are
deterministic and those that are stochastic in nature. These two groups havediffer-
ent strengths and weaknesses. Many stochastic selection mechanisms suffers from
a very high variance in the number of offspring assigned to each individual, while
deterministic selection tends to favour individuals with high fitness too much. Thus
lowering the genetic diversity of the population.

For this thesis, an algorithm called stochastic universal sampling (SUS) will
be used. This algorithm is as the name suggests, stochastic in nature. However,
it does not suffer from the problem of high variance mentioned earlier. For this
reason SUS is one of the more commonly used selection algorithms. The low
variance comes from the fact that SUS only requires one draw from the population
to determine the number of offspring to assign to each individual [5].

9
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Figure 3.1: (a) The resulting probability of selection when the population is sub-
mitted to linear rank scaling. (b) Nonlinear rank scaling is applied, favouringmore
heavily those individuals with high rank.

3.2.1 Scaling

One recurrent problem with genetic algorithms arises when the population is very
close to converging to one solution. When this happens all the individuals ofthe
population will have a very similar fitness score, and the likelihood of producing
offspring becomes equal for all individuals. The selection pressure istherefore
removed, and the algorithm will take a very long time to converge.

By scaling the fitness of the population this problem can be lessened or re-
moved. The idea is to base the selection not on the fitness score itself, but rather
on a function of the fitness score. By choosing the scaling function appropriately,
it is possible to continue to provide selective pressure.

There are many different forms of scaling, some are based on the mean fitness
of the population as it changes over time. Others attempts to scale by using the
difference between the best and worst individual of the population. The method
used in this thesis is called rank scaling, and is independent of the actual fitness
of each individual. Instead, it only looks at the relative rank of each individual
compared to the others within the population. An individual with a high rank
corresponds to an individual with a high fitness and vice versa. Figure 3.1 shows
both a linear and nonlinear version of rank scaling for a population size of20.
From this figure it should become evident that individuals with a high fitness have
a higher probability of reproducing, which is exactly the purpose of scaling and
selection [5].

3.3 Operators

A population consists of a number of individuals, where each individual consists of
a number of variables encoded with a specific representation (even though hybrids
are possible, for example mixing binary and real numbers). For most representa-

10



CHAPTER 3. GENETIC ALGORITHMS

10 1 0 1 0

Generation k+1

Generation k

1 1 0 001

Figure 3.2: Mutation is a simple operator which works by inverting some of the
bits, i.e. a one becomes a zero and vice versa.

tions one or both of the two basic operators mutation and recombination is defined.
Just because the operators exists and provides similar functionality, doesnot mean
that they work in the exact same way. In fact the inner mechanism for eachoper-
ator is highly dependant upon the representation, e.g. mutation works by inverting
bits in the binary representation, and it should be self evident that this methoddoes
not work for real numbers.

Below follows a description of the two main operators (besides the selection
mechanism) used in genetic algorithms; mutation and recombination, with the fo-
cus on their binary versions.

3.3.1 Mutation

The mutation operator is one of the two basic operations defined for most repre-
sentations. A new individual is produced from an old, by changing individual bits
within the bit string making up the individual (see Figure 3.2). Each bit has a cer-
tain low probability of being altered, independent of the fate of the other bits within
the string. Each bitai is altered according to the equation:

a′i =

{
ai u > pm

1−ai u≤ pm

whereu∼U ([0,1)) (u is drawn from a uniform random distribution). The muta-
tion ratepm governs the probability of a bit being affected. This parameter has a
theoretical lower bound ofpm = 1

l wherel is the length of the string. Instead of
manually setting this parameter, there are methods by which it can be determined
automatically through self-adaptation (where this parameter becomes part ofthe
optimisation problem) [5].

The mutation operator is most often used together with recombination, where
mutation is used mainly to provide genetic diversity to the population and recombi-
nation acts as the driving force. This does not hold for all problem domains, it has
been shown that using only the mutation operator the resulting performance ison
par with, or better than using a combination of mutation and recombination. Thus
the mutation operator is an important mechanism for genetic algorithms [5, 10].
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1 1 0 1
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10

Parent 1

Child 1

Generation k+1

Generation k

Parent 2

Child 2

01 1 0 0 1

01 1 0 0 1

Figure 3.3: One-point crossover works by splitting the parents into two disjunct
parts. The corresponding parts switches places to generate the offspring. The
children now consists of parts of both of their parents.

3.3.2 Recombination

Recombination (or crossover) is a binary operator that combines the information
contained in two individuals, the parents, to produce two new individuals, called
the offspring or children. Assuming that the chromosome is represented bya string
of arbitrary alphabet (e.g. binary or real numbers), then the recombination is per-
formed by exchanging substrings between the two parents. More exotic represen-
tations, such as permutations or tree-structures, requires different methods (and the
semantics may be different too). As before, it is assumed that the variablesencoded
in the chromosome uses a binary representation.

The recombination procedure works in three distinct steps.

1. Two individuals are chosen randomly from the set of individuals chosen for
reproduction by the selection operator (see Section 3.2 for more details about
how selection works). These two individuals are called the parents.

2. One or more positions along the chromosome are chosen as breakpoints,also
called crossover points. At these crossover points the chromosome will be
split forming the substrings. It is important to note that the same positions
are chosen for both parents.

3. Finally, the substrings are exchanged between the two parents forming the
offspring, consisting of two new individuals.

The number of individuals chosen for recombination is controlled by a parameter
pc, the crossover rate. A high value means that there is a high probability for each
individual to undergo recombination (i.e. many children will be created).

Recombination exists in many versions, differing mainly in the number of
crossover points they make use of. Originally the one-point crossover was used, as
seen in Figure 3.3 it uses one breakpoint to split the two strings. This method has
been extended to form two-point and N-point crossover operators (working in the
obvious way).

12



CHAPTER 3. GENETIC ALGORITHMS

A more interesting variant is the uniform crossover operator, which doesnot
use breakpoints but rather determines if an exchange of bits should take place on a
bit-by-bit basis. For each position in the parent string, there is a certain probability
px that the bit will be exchanged with the other parent. Typically,px = 0.5 making
all possible combinations equally likely [5].

Which of these recombination algorithms performs best is highly problem de-
pendant. Determining which performs best therefore requires some experimenta-
tions. In this thesis the two-point crossover will be used, mainly because ofits
simple nature. The uniform crossover requires more computations and therefore
slows down the time (measured in seconds) for convergence.
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Chapter 4

Fuzzy Systems

The term fuzzy systems is often used to collectively refer to areas such asfuzzy
set theory, fuzzy logic and fuzzy control. Fuzzy systems have been deployed in
a multitude of applications, ranging from home appliances and cars to controlling
trains and heavy machinery. The principles of fuzzy systems have been applied to
(among others) expert systems, databases, medical applications and economics.

Traditional approaches often have difficulties when dealing with incomplete or
inaccurate information. When dealing with complex problems approximations of
the underlying models are often required (e.g. using a linear approximation for
a nonlinear problem). In these cases fuzzy systems often outperforms their non-
fuzzy counterparts [21].

Fuzzy systems allows rules to be described in relative terms such as “fast”
or “slightly below”, which causes rules to more closely resemble natural lan-
guage [27]. Because of this, expert knowledge is more easily encodedinto a rule
base.

Unfortunately, there are some shortcomings associated with fuzzy systems.
They lack both learning capabilities and memory, one of the reason why hybrid
systems have been developed (for instance combining neural networks and fuzzy
logic). Determining and tuning the parameters and rules of a fuzzy controlleris
difficult, so genetic algorithms are often used for this purpose (see [23] for an
example). Perhaps its greatest weakness is the question of stability, there are no
guarantees that a fuzzy system will not descend into a chaotic state. Although
experience suggest that the risk for such behaviour is very small [21].

Fuzzy logic and fuzzy sets have the same relationship and similarities as ordi-
nary logic and set theory.

4.1 Fuzzy Sets

Classical set theory concerns the notion of a crisp set. In such a set every element is
either a member or a nonmber, and determining which is the case is always a more
or less simple matter (at least for well-defined sets). The characteristic function

15



4.1. FUZZY SETS

Table 4.1: This table represents a possible membership function for the set of old
people. It is clear that the different membership grades are very subjective (exam-
ple taken from [17]).

Age 5 10 20 30 40 50 60 70 80
Old 0.0 0.0 0.1 0.2 0.4 0.6 0.8 1.0 1.0

Young 1.0 1.0 0.8 0.5 0.2 0.1 0.0 0.0 0.0

µA(x) assigns a value to any element such that:1

µA(x) =

{
1 if and only ifx∈ A
0 if and only ifx /∈ A.

(4.1)

Crisp sets are a powerful and useful tool in many areas, but certain limitations
still exist. Dealing with sets that are not well-defined introduces difficulties. For
example, consider the set of old people. To create this set it would be necessary
to partition all people into two sets, those below and those above a certain age.
Deciding such a crisp boundary will almost certainly be quite difficult (a child
might think that anyone older than thirty is old, while an adult would disagree).

To more efficiently deal with this problem, the idea of a crisp set can be ex-
tended into a fuzzy set theory (classical sets are in fact a subset of fuzzy sets).
Instead of the binary relationship where elements are either members or nonmem-
bers (but not both), fuzzy sets assigns a degree of membership. This can be done
by expanding the notion of the characteristic function in Equation 4.1 from the
mappingµA :U →{0,1} to the more general caseµA :U → [0,1]. This means that
each element belong to a given set to a certain degree (with the two extremes of
zero being no membership and one being full membership) [17].2

Using this membership function it becomes easier to deal with the aforemen-
tioned problem of determining who is old or not. Instead of saying that a person of
forty is old, that person might belong to the set of old people with a membership
grade of 0.4 (a more detailed example is found in Table 4.1). Another example
might be someone at the age of ninety having full membership. It is easy to seethe
increased expressiveness offered by fuzzy sets over the more traditional crisp sets.

The difference between crisp and fuzzy membership functions is shown inFig-
ure 4.1, where the set of real numbers that are “close to zero” is modelled. For the
fuzzy set the chosen membership function in this case is:

µ(x) =
1

1+10x2 . (4.2)

Comparing the two different representations in Figure 4.1 it should become clear
as to the difference between fuzzy sets and the traditional crisp sets.

1This definition holds forcrispsets, as will be seen later this will be extended in the case of fuzzy
sets.

2Fuzzy sets and degrees of membership should not be confused with probabilities (even tough
they both deal with the same domain of values.)
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Fuzzy Set "Close to Zero"

(a) (b)

Figure 4.1: Above can be seen the two different ways to represent the set of real
numbers “close to zero”. Figure (a) shows the difficulties in defining whatcon-
stitutes a number close to zero, in this case 0.5 was selected as border. In Fig-
ure (b) the corresponding fuzzy set is displayed, the membership function is easier
to model.

The support3 of a fuzzy setA is defined as the crisp set of all elements of the
universal setU with a nonzero degree of membership inA, or:

support(A) = {x∈ U | µA(x) > 0} .

Let xi denote an element of the support ofA andµi = µA(xi), then the support
of A is often written with the special notation:4

A = µ1/x1 +µ2/x2 + . . .+µn/xn.

For example, consider Table 4.1 which represents the setA of “old people”.
The support of this set would then be:

A = 0.1/20+0.2/30+0.4/40+0.6/50+0.8/60+1.0/70+1.0/80.

This notation can also be written in a more concise form:

A =
n

∑
i=1

µi/xi ,

or if the fuzzy setA is continuous rather than a finite countable set:

A =
Z

U

µA(u)/u.

3The support of a fuzzy set does not possess the same meaning as thesupport of association rules
(defined in Chapter 2).

4Here the use of+ denotes the (crisp) union rather than the arithmetic sum.
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4.2. LINGUISTIC VARIABLES

The concepts of subsets and equality have both been transfered to fuzzy set
theory. Two fuzzy setsA andB are equal if:

µA(x) = µB(x) , ∀x∈ U .

Similarly, both subsets and proper subsets can be defined. LetA andB be two fuzzy
sets, thenA is said to be a subset ofB if and only if:

µA(x) ≤ µB(x) , ∀x∈ U .

The two sets are proper subsets whenA⊆ B andA 6= B.
The basic operations defined for crisp sets (i.e. union, intersection and com-

plement), along with the “laws” have been defined for fuzzy sets as well. These
operations have been defined in various ways, giving them different properties.
However, the variants definition 4.1 provides are fully compatible with their crisp
equivalents thus producing the same results (remember that fuzzy set theory is a
superset of the classical theory) [17].

The union of two fuzzy setsA andB is the maximum grade of membership
in either set. This is equivalent to the resulting set being “the smallest fuzzy set
containing bothA and B” [30]. The intersection between two fuzzy setsA and
B is the minimum of either membership functions, while the complement ofA is
defined to be 1−µA(x) [17]. This means that if a person belongs to the set of old
people with a membership grade of 0.3, he or she would be a member of the set
of “not old” people (not necessarily identical to the set of young people) with a
degree of 0.7.

Definition 4.1 Let A and B be two fuzzy sets, then for every x∈ U :

• The union A∪B is: µA∪B(x) = max[µA(x) ,µB(x)]

• The intersection A∩B is: µA∩B(x) = min[µA(x) ,µB(x)]

• The complementA is: µA(x) = 1−µA(x)

4.2 Linguistic Variables

An important concept used by many types of applications, including fuzzy con-
trollers and fuzzy expert systems, is the notion of a linguistic variable. A linguistic
variable differs from other kinds of variables in that it takes words or sentences as
values instead of numbers. These words can be expressed using a natural language
or if more appropriate, an artificial language. For example,Height would be a lin-
guistic variable if its values was of the kindshort, tall or very tall instead of the
corresponding numerical values 1.45, 1.85 or 1.90. The different linguistic values
are defined as fuzzy variables [27].
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Comparing the use of a numerical terms such as 1.90 withvery tall, it becomes
clear that the numeric value is precise. The linguistic value on the other hand is
vague and offers a sense of ambiguity. This vagueness is what provides linguistic
variables with their power and expressiveness, allowing easier capturing of expert
knowledge or creating control mechanisms for complex systems [21].

A fuzzy variable is an extension of a regular variable, both of which can be
defined with a triple(X,U ,R(X;u)) whereX is the name of the variable,U is the
universe of discourse andu is a generic name for the elements ofU . The term
R(X;u) is a subset ofU which restricts the possible values ofu with respect toX.
For a normal variable (i.e. non-fuzzy variable) this is most often referred to as the
range of the variable, while for a fuzzy variable it is called a fuzzy restriction [27,
28].

The assignment of a valueu to a variablex is determined by:

x = u, u∈ R(X;u) . (4.3)

An important concept regarding the preceding equation and fuzzy variables is the
notion of compatibility. This refers to the degree to which Equation 4.3 is satisfied,
defined as:

c(u) = µR(X;u) (u) , u∈ U , (4.4)

whereµR(X;u) is the membership function forR(X;u) [28].
A linguistic variable is defined in a manner similar to that of a fuzzy variable.

A linguistic variable is characterised by a quintuple(x,T (x) ,U,G,M), wherex is
the name of the variable,T (x) is the term-set ofx, as beforeU is the universe of
discourse,G is a syntactic rule for defining the different values ofx andM is a
semantic rule assigning meaning to the different values of the term-set [18, 28].

Instead of using a restriction (as is done with fuzzy variables), the term-set
T (x) defines all the possible values that the linguistic variable can assume. For the
linguistic variableHeight this might be:

T (Height) = tall +very tall+not very tall+ . . .+very short+not short+ . . .

For a finite term-set it is possible to specify every value as a list, however if
the finite term-set is very large or if a linguistic variable has a infinite term-set
it can become very cumbersome or even impossible to do. Therefore a syntactic
rule or grammarG might be specified and associated with the linguistic variable,
specifying how the values are generated

A name generated byG is referred to as a term. A term constructed by either
a single word or a group of words functioning as a unit is called an atomic term.
Composite terms are constructed from atomic terms (also called sub terms). Words
such as “very”, “somewhat” or “completely” are also sometimes referred toas
hedges.

The semantic ruleM assigns a meaning to the termX by use of the restriction
defined for the valueu as imposed by the fuzzy variableX [28], or:

M (X) = R(X;u) . (4.5)
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The meaning of "Tall"

Tall

Very tall

Somewhat tall

Figure 4.2: Applying the two hedgesveryandsomewhat(defined as Equation 4.7
and 4.8) to the linguistic valuetall would create the membership function seen in
the figure above.

Consider the following example. LetHeight be a linguistic variable withU =
[0,2.5]. Then a linguistic value ofHeight might betall , anothershort or very tall.
The final valuevery tall is a composite term, made up of the atomic termtall and
the sub term (or hedge)very. Let the meaning oftall be defined as:

M (tall) =





0 x≤ 1.60
10(x−1.60)

3 1.60≤ x≤ 1.90
1 1.90≤ x

(4.6)

Applying the hedgevery to the above meaning oftall can be done in several
ways, one of the more commonly used definitions ofvery is the concentration
operator:

CON(A) = A2. (4.7)

This resulting meaning ofvery tall then becomes:

M (very tall) =





0 x≤ 1.60(
10(x−1.60)

3

)2
1.60≤ x≤ 1.90

1 1.90≤ x

Similarly, the hedgesomewhatcould be defined as the dilution operator:

DIL (A) = A
1
2 . (4.8)

The result of applying these two hedges to the linguistic valuetall is shown in
Figure 4.2.
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Rule base

Inference Engine

DefuzzificationFuzzyfication

Figure 4.3: A fuzzy controller consists of four different main components. These
are responsible for converting incoming values into linguistic values, inferring a
fuzzy control action and finally converting this fuzzy action into a non fuzzy coun-
terpart.

4.3 Fuzzy Controller

One of the most successful areas where the concepts of fuzzy systemshave been
applied is that of the fuzzy controllers (also called fuzzy logic controllers). Creat-
ing automatic control systems for various processes is a very difficult andcomplex
task, especially when the system has to handle uncertainties, imprecision or miss-
ing information. Traditional control techniques often rely upon defining a precise
mathematical model of the process, but that is not always possible. In manycases
human operators are capable of controlling very complex systems, without knowl-
edge of their dynamics or true workings.

Fuzzy control is an attempt at overcoming the difficulties encountered by the
traditional control mechanisms, and creating a system which is capable of approx-
imate reasoning. Expert knowledge is easy to translate into fuzzy rules using lin-
guistic variables, and capturing the actions performed by a human operatorallows
poorly understood processes to be translated into a fuzzy controller [21]

The four main components of a fuzzy controller is seen in Figure 4.3, and
consists of a fuzzification interface, a knowledge base combined with a inference
engine and a defuzzification interface. The fuzzy controller converts the incom-
ing values into linguistic values which is then used to create an outgoing control
action. The inference engine combines the linguistic values created by the fuzzi-
fication interface with the knowledge base to infer a suitable fuzzy control action.
To perform this task, the inference engine uses fuzzy implications and the rules of
inference in fuzzy logic. Finally, the defuzzification interface converts the resulting
fuzzy control action into a non-fuzzy equivalent [18].

The following sections will describe the different parts of the fuzzy controller
in more detail.

4.3.1 Fuzzification

The data observed by the fuzzy controller is often crisp, which the fuzzification
interface converts into linguistic values. These linguistic values will then be used
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4.3. FUZZY CONTROLLER

by the inference engine to infer an action. The choice of membership function of
the fuzzy sets is application dependant. The simplest membership function is the
fuzzy singleton [18], where the input valuex0 is mapped to the fuzzy setA as:

µA(x) =

{
1 if and only ifx = x0

0 otherwise.

Since the fuzzy singleton does not really provide much benefit over usinga
traditional non fuzzy controller, there are a large number of membership functions
commonly used. Besides the fuzzy singleton, the triangular and trapezoidalmem-
bership functions are the simplest. The triangular membership function is defined
to be:

µA(x) =





x−a
b−a a≤ x≤ b
c−x
c−b b≤ x≤ c
0 otherwise,

where the parametersa andc specifies the start- and endpoint of the triangle, andb
determines the peak. The trapezoidal function is defined in a similar manner. Other
commonly used functions includes the Gaussian and sigmoidal, however theseare
more computationally expensive, which makes them unsuitable for some real time
applications. Examples of these membership functions are displayed in Figure4.4.

4.3.2 Knowledge Base

The knowledge base of a fuzzy controller consists of two main components.The
database holds the definition for each fuzzy variable and the rule base contains the
actual control rules used by the system. The fuzzy variables are defined by either
membership functions or in a numerical form (this is done only if a discretized uni-
verse is used). A control rule is comprised of an antecedent and a consequent [18],
and has the form

IF x1 is A1∧x2 is A2∧ . . .∧xn is An THEN y is B.

Database

The database is responsible for assigning a grade of membership to each possible
linguistic value both the input and output can assume [6]. Each linguistic value
is defined either numerically or by use of a membership function. If the universe
of discourse is discrete, a table can be used to map each input to a corresponding
membership grade (Table 4.1 is an example of this method). The advantage of this
method is the speed of a look up compared to the evaluation of a (more or less)
complicated function. The drawback is the loss of precision due to the discrete
nature of the universe. The same method can be used for a continuous universe,
since it can always be discretized [18]. The other method is by use of a membership
function, which was discussed in section 4.3.1.
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Singleton Triangular

Trapezoidal Gaussian

Bell Sigmoid

Figure 4.4: Some of the membership functions commonly used in fuzzy controllers
are displayed above.
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Determining which membership function to apply to which fuzzy variable is
a difficult task. This can be done either by a quantisation process, wherethe con-
tinuous universe is discretized into a finite number of segments. Each segment is
called a quantisation level, and for each quantisation level every term in the term
set is assigned a membership grade. This of course means that the linguistic values
are defined numerically (as mentioned above).

The other way to define the membership functions is through a learning or tun-
ing process. The tuning process makes use of a previously defined database (de-
fined through either learning or quantisation), and modifies the meaning of each
linguistic value in order to improve performance. The learning process, onthe
other hand, does not require an initial database. Instead the process defines the
membership functions through various means (e.g. watches a human operator per-
forming the task). Learning the database is most often combined with learning the
rule base [6, 18].

Rule base

The rule base contains the fuzzy control rules used by the fuzzy system.Each
rule consists of an antecedent (with one or more terms), and a consequent. The
different terms of the antecedent are linguistic variables, and their respective values
are defined by the database. For the consequent, there are three main types. In the
simplest form, the conclusion is another fuzzy variable. Another more complex
method defines the consequent to be a polynomial of the linguistic values usedin
the antecedent, thus:

IF x1 is A1∧x2 is A2∧ . . .∧xn is An THEN y = p0 + p1x1 + . . .+ pnxn

This approach can be generalised further, allowing the conclusion to be afunction
of the values in the antecedent as in:

IF x1 is A1∧x2 is A2∧ . . .∧xn is An THEN y = f (x1, . . . ,xn) .

Defining the actual rules of the rule base is a difficult task which depends upon
the particular application. Since each application has its own data- and rule base,
the performance of the resulting system depends on the quality of these compo-
nents. A number of different methods can be used to create the rule base,and a
high quality rule base might require a combination of several of these methods[6]:

1. Expert experience and control engineering knowledge: Most people find
fuzzy rules to be a very intuitive way of expressing knowledge, consider-
ing the fact that linguistic values are more natural than crisp numerical val-
ues. This leads to the approach where a human expert manually creates the
necessary rules for guiding the system, based on experience or a deepunder-
standing of the process.
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2. Modelling of the operator’s control actions: Classical control theoryis un-
able to model certain complex processes, even though a human operator can
(more or less) easily control the system. By capturing the inputs and how the
human operator responds to those inputs, fuzzy rules can be deduced.

3. Based on the fuzzy model of the process: By using a fuzzy model of the
system, the optimal fuzzy control rules can be extracted. However, creating
the fuzzy model is difficult since a linguistic description of the system and
its dynamics is required. According to Lee [18] this approach will create a
system with better performance and reliability, unfortunately this method is
not yet fully developed.

4. Based on learning and self-organising: Finally, the rule base can be found
by creating a system to automatically find and create the necessary rules,
modifying them (during runtime) based on experience [18].

4.3.3 Inference Engine

The knowledge base provides the system with both rules and the semantic meaning
of the terms used by the rules. However, this does not provide any advantage or
benefit without a method to draw and form conclusions based on the inputs received
by the system. In classical logic a rule might have the appearance of:

(a∧b∧c) → q

If the truth values of the premises (a, b andc above) are known, it is possible to
ascertain whetherq holds or not. The rule of inference which is normally used for
this is themodus ponens(sometimes also referred to as the rule of detachment):

p→ q
p
∴ q

. (4.9)

This rule states that ifp implies q and p is true, then it is possible to infer the
truth of q. An example of this might be “if it is snowing then it is cold” and “it
is snowing”, then the conclusion that “it is cold” can be made. Besides the modus
ponens, there are several other rules (e.g. modus tollens and the law of syllogism)
used for inference [13].

In fuzzy controllers the consequent of one rule is never used in the antecedent
of another rule. This removes the need for other inference mechanisms besides
the modus ponens. The basis of the fuzzy equivalent of the modus ponens (called
the compositional rule of inference or generalised modus ponens) is the notion of
fuzzy implication.

As Table 4.2 shows, there exists several different definitions of both conjunc-
tion and disjunction. The two most commonly used variants are the intersec-
tion/union pair of fuzzy set theory, as well as the algebraic sum and product.
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4.3. FUZZY CONTROLLER

Table 4.2: There are a large number of definitions of the fuzzy equivalents of dis-
junctions and conjunctions.

Conjunctions
Intersection x∧y = min(x,y)
Algebraic product x ·y = xy
Bounded Product x¯y = max(0,x+y−1)

Disjunctions
Union x∨y = max(x,y)
Algebraic sum x+y = x+y−xy
Bounded sum x⊕y = min(1,x+y)
Disjoint sum x∆y = max(min(x,1−y) ,min(1−x,y))

Depending on which definition is used, it is possible to derive several forms of
implications (each having distinct advantages and disadvantages) [19]. Commonly
used implication-functions are:

• Zadeh’s maxmin rule of fuzzy implication:

Rm = (A×B)∪ (¬A×V) =

=
Z

U×V
(µA(u)∧µB(v))∨ (1−µA(v))/(u,v) (4.10)

• Larsen’s product operation rule of fuzzy implication:

Rp = A×B

=
Z

U×V
µA(u)µB(v)/(u,v) (4.11)

• Mamdani’s mini-operation rule of fuzzy implication:

Rc = A×B

=
Z

U×V
µA(u)∧µB(v)/(u,v) (4.12)

By comparing Zadeh’s maxmin rule of fuzzy implication (Equation 4.10) to the
definition of implication used in classical logic:

p→ q ⇔ (p∧q)∨¬p,

the similarities are obvious. Lee states in [19] that the other two variants of impli-
cation (Equation 4.11 and 4.12) are the most suitable for use in fuzzy controllers.

The fuzzy equivalent of the modus ponens (Equation 4.9) used in fuzzysystems
is called the generalised modus ponens, which is based on the compositional rule
of inference as defined by Zadeh [29]. The generalised modus tollens isused in
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expert systems where backwards chaining is important, but as mentioned before a
fuzzy controller is only dependant on forward driven inference (i.e.no consequent
appears in the antecedent of another rule).

The compositional rule of inference allows the generalised modus ponens tobe
defined in the following manner. LetA andB be two fuzzy sets in the universesU
andV, and the fuzzy relationR : U ×V → [0,1] define a fuzzy implication. Then
the generalised modus ponens can be expressed as:

B = A◦R.

Using the membership functions for the respective symbols, the above expression
translates into:

µB(v) = sup
u∈U

T (µA(v) ,µR(u,v)) , (4.13)

whereT is any conjunction (see Table 4.2 for examples) [12, 19].
Being able to form a conclusion based on a single rule is not particularly useful

for use in fuzzy controllers, so the fuzzy implication has to be extended to cover
multiple rules. Consider the general rule base below:

input: x is A′ andy is B′

R1 : if x is A1 andy is B1 thenz is C1

alsoR2 : if x is A2 andy is B2 thenz is C2
...

alsoRn : if x is An andy is Bn thenz is Cn

z is C′

.

Lee [19] shows that the resulting conclusion from performing the GMP on each
successive rule and aggregating the result, is equivalent to combining allthe rules
and inferring the resulting conclusion from the entire rule base.

An important special case arises when the inputs are fuzzy singletons, which is
most often the case in fuzzy controllers. Then the Equations 4.11 and 4.12 can be
rewritten and simplified into:

Rc : µC′ =
n

[

i=1

αi ∧µCi whereαi = µAi (u0)∧µBi (v0) (4.14)

Rp : µC′ =
n

[

i=1

αi ·µCi whereαi = µAi (u0) ·µBi (v0) (4.15)

It is clear that the above equations are simple to implement in software, and
inferring conclusions from the rule base requires a relatively low computational
effort. Something which is important for real time low-cost applications.

4.3.4 Defuzzification

The inference engine produces a single linguistic value as the conclusion or conse-
quent. However, most applications requires crisp control actions. The final part of
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a fuzzy controller is the defuzzification interface, which converts the fuzzy output
into a non fuzzy equivalent. This is accomplished by applying a defuzzifier, which
acts as a function that maps each linguistic value into a non-fuzzy output.

Several techniques have been developed to facilitate this mapping, unfortu-
nately different applications benefits from different defuzzifiers. The defuzzifica-
tion strategies that are commonly used includes [19, 9, 16, 24]:

• The max criterion method: This defuzzifier simply chooses the point where
the membership grade of the control action reaches its maximum.

• The Mean of Maxima (MOM): Determines the resulting control action by
calculating the mean of all the maximum values.

• The Center of Area5 (COA): The control action is determined by computing
the centroid of the area of the membership function. For the continuous case
this is:

u =

R

µi (x)xdx
R

µi (x) dx
.

When the output is a fuzzy singleton (as opposed to a more complex mem-
bership function) the above equation can be rewritten into:

u =
∑i µ(xi)xi

∑i µ(xi)
. (4.16)

Lee [19] mentions that the mean of maxima produces fuzzy controllers with
better performance than those using the max criterion, and that similar results ap-
plies to the difference in performance between the COA and the mean of maxima.

COA has the nice property of always producing smoothly varying controlac-
tions, and is therefore often used in fuzzy controllers. However, it is computation-
ally expensive and therefore can be unsuitable for certain real time applications.
Several attempts to address this problem have been made. For instance, Runk-
ler et al. [24] proposes an iterative approximation named DECADE suitable for
implementation directly in hardware.

5Center of Gravity (COG) is another name for this method.
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Chapter 5

Learning Behavioural Mappings

In this thesis the “Programming by Demonstration” paradigm is used together with
association rules to allow a user to teach the robot a simple behaviour. Hopefully,
the robot will be able to perform this behaviour autonomously thereafter. The al-
lowed behaviours are limited to those that are purely reactive in nature (i.e. follows
the reactive paradigm).

The reactive paradigm was inspired by biological systems such as the be-
haviours of insects and simple animals, where complex actions are performed
through the interaction between simple behaviours. Examples of such simple be-
haviours might be “follow wall”, “avoid light” or “do not eat red things”. The
advantage of this method is the relatively low computational effort required toim-
plement and execute the behaviours. Unfortunately the absence of planning and
memory introduces severe limitations. To overcome this, a hybrid approach is
often used, where reactive behaviours are superseded by more complex systems
allowing planning, memory and other goal oriented methods [22].

The system is based on the notion of a stimuli/response mapping guiding the
underlying behaviour. This is expressed as the mappingB : S(t) → R(t) which
determines the appropriate response for the robot as a direct function of its sensor
inputs. In a purely reactive system only the stimuli received at the current time t
is considered. The functionB will be implemeneted as a set of association rules
providing the actual functionS⇒ R.

The data (henceforth referred to as samples) gathered by the system asthe user
demonstrates the behaviour, is stored as a database. The association rules are then
extracted from this database using an arbitrary (rule discovery) algorithm.1 The
resulting set of association rules is then used by the system to guide the robot.

In order for the association rules to be created the raw sensor data has tobe con-
verted into a more appropriate form using apartitioning scheme. A set of borders
(which defines a number of disjunct partitions), together with the actual number
of borders forms a partioning scheme. These partitions corresponds to different

1We shall make use of the 3rd party software Apriori [4], which is basedon the Apriori algo-
rithm [2].
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ranges, such as “medium distance” or “very long distance” (see Section5.3 for
more detailed information).

5.1 Previous Work

As mentioned in Section 1.1 this thesis strives to build upon research previously
done by Hellström [14]. In his work it was assumed that the partitioning scheme
was known beforehand. If the partitioning scheme was inappropriate, given the
underlying behaviour, the resulting performance became very low. The first part of
this chapter attempts to solve this problem (see Section 5.5 and 5.6).

Hellström also identified the following three cases which could occur as the
stimuli was matched against the set of association rules:

1. Exactly one rule fires: This is the trivial case, the control action specified by
the one rule is used.

2. Multiple rules fires: A more complex task, Hellström proposed performing
a majority vote to determine the combined action.

3. No rule fires: Since no rule triggered, it becomes difficult to determine the
resulting action. To solve this problem, Hellström created a simple nearest-
neighbour method, were the rule with the antecedent closest to the current
stimuli S(t) was chosen.

The second part of this chapter regards an attempt at providing an alternative
method to treat the case when multiple rules are triggered. Instead of a majority
vote, a fuzzification of the borders will be done using concepts from bothfuzzy
logic (Section 5.7) and genetic algorithms. The resulting controller will resemble
that of a fuzzy controller (Chapter 4 contains an overview of fuzzy systems). This
approach will hopefully improve performance beyond that given by the majority
vote algorithm.

5.2 Hardware

The robot used in all the experiments is the Khepera robot developed by K-Team,
Figure 5.1 shows a simplified overview. It uses eight infrared sensors (labelled
IR0, IR1, . . . , IR7) to determine the distance to any obstacles in its vicinity, as well
as eight sensors to detect ambient light. The range of each infrared sensor is around
50mm, depending on the properties of the surface the light bounces off of(i.e. a
reflective surface is easier to detect than a black surface). Each proximity sensor
uses a 10 bit analog to digital (A/D) converter, returning an integer value between
zero (no obstacle within range) and 1023 (an obstacle detected very close) [15].

The Khepera has two motors, each driving one of its wheels. The motor speeds
can be independently controlled, allowing for motions such as rotation or sharp
turns.
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Figure 5.1: The Khepera robot has two motors and eight infrared sensors. The
infrared sensors are sensitive up to a distance of about 50mm. Each of the two mo-
tors can be set independently, allowing for a range of different motions (including
rotation and sharp turns).

5.3 Extracting Rules

The data from which the association rules will be extracted is a pair consistingof
a stimuli and a response. The general form of the data is

ir0, ir1, . . . , ir7,y.

Where the stimuli consist of a collection of sensor readings (ir i in the above equa-
tion), and the responsey is the motor control action issued at that point in time.
If the underlying behaviour is covered by the reactive paradigm, it is possible to
determine this behaviour from these data pairs.

In order for this data to be used for extracting association rules, the raw data has
to be converted into symbols using some form of a mapping. One such example of
a partitioning scheme might be:

ir i =

{
0 if 0 ≤ IRi ≤ 399 (long distance)
1 if 400≤ IRi ≤ 1023 (short distance).

(5.1)

This mapping corresponds to dividing the sensor range into a number of disjunct
parts. When the sensor readings have been translated into symbols, it is possible to
create the association rules.

It should be clear that the choice of borders (and by extension how the sensor
range is partitioned) will have a huge impact upon the quality of the resulting rule
base. A rule base of poor quality is equivalent with failing to capture or learn the
underlying behaviour, whereas a rule base of good quality will also havea good
performance.

The training set used to create and tune the rules is created through one of
two methods, either by a manually programmed controller or through the use of a
remote control operated by a human (more detailed information in section 5.4).

31



5.4. CONTROLLERS

When the database has been translated into symbols, a program called Apriori2

is used to extract the association rules. In this thesis the association rules are re-
stricted to only having a motor control action as the consequent and the antecedent
may only contain sensor readings, thus:

ir i = vi ∧ ir j = v j ∧ . . .∧ ir k = vk ⇒ y = a.

This restriction is well suited for a reactive behaviour since it creates a clear map-
ping between stimuli and response. Relaxing this restriction would allow for more
powerful systems to be created. However, the reactive paradigm wouldnot be well
suited for this.

5.4 Controllers

To obtain the data required for training and validation two different types ofcon-
trollers were used. The first case was a series of three different manually pro-
grammed controllers of increasing complexity, and the second case is a remote
control operated by a human teacher.

The manually programmed controllers are described in Figure 5.2, and they all
describe the same underlying behaviour. The main difference between thethree
variants is the number of borders used, e.g. the controller in Figure 5.2(a)uses
one border while the controller Figure 5.2(c) uses three borders.3 Using manually
programmed controllers somewhat defeats the purpose of locating the borders, but
it also means that this approach can more easily be evaluated.

With each controller comes an associated partitioning scheme, mapping the
observed inputs to symbols for the creation of association rules. The partitioning
scheme in Equation 5.1 corresponds to the controller in Figure 5.2(a). For the two-
border-controller in Figure 5.2(b) and the one in Figure 5.2(c) the following two
equations provides the partitioning scheme:

ir i =





0 if 0 ≤ IRi ≤ 299 (long distance)
1 if 300≤ IRi ≤ 899 (medium distance)
2 if 900≤ IRi ≤ 1023 (short distance),

(5.2)

ir i =





0 if 0 ≤ IRi ≤ 249 (very long distance)
1 if 250≤ IRi ≤ 499 (long distance)
2 if 500≤ IRi ≤ 749 (medium distance)
3 if 750≤ IRi ≤ 1023 (short distance).

(5.3)

The problems posed by the second type of controllers, i.e. the remote control,
are far more challenging. The idea is to use a remote control in order to demonstrate

2This software is based on the Apriori-algorithm as presented by Agrawalet al. in [1]. More
information regarding this software can be found at [4].

3Most types of behaviours requires few borders and creating controllers that utilises a large num-
ber of borders is quite difficult.
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Table 5.1: The different motor control actions are represented by integers, and their
meaning is explained below.

Action (y) Description Action (y) Description
-3 Clockwise rotation 3 Counter clockwise rotation
-2 Hard clockwise 2 Hard counter clockwise
-1 Soft clockwise 1 Soft counter clockwise

0 Straight ahead

to the robot a specific behaviour, and through the use of association rules it will
(hopefully) learn the behaviour. Using a remote control (especially operated by a
human) introduces both benefits and drawbacks.

One of the clear benefits is that no knowledge of how to actually implement
any given behaviour is required, as long as it is reactive in nature. Showing the
robot a specific behaviour should take far less time than manually programmingit.
The drawback is the added noise and the mistakes done by the operator. The more
mistakes and inconsistencies introduced during training, the lower the quality of
the resulting rule base.4

5.5 Determining Optimal Borders

Since the association rules requires a partitioning scheme to effectively learn and
map a behaviour, this is the first problem that has to be solved. The obviousmethod
that could be used for determining this partitioning scheme is to mearly guess.
However, it should be apparent that this method is suboptimal, and therefore a
more intelligent solution will be proposed.

The partitioning scheme is determined by two factors, the number of borders
used and the borders themselves. Section 5.6 discusses the problem of finding the
optimal number of borders, while this section focuses on determining the actual
borders. We will assume that the optimal number of borders is known and thatfor
the general case it iŝη (the optimal number of borders).

Before continuing, a short note on the notation used throughout this section.
The set of borders will be denoted byβη̂ and the set ofoptimal borders will be

referred to aŝβη̂. Both of these sets are ordered such that

βη̂ =
{

b1,b2, . . . ,bη̂
}

, 0≤ b1 ≤ b2 ≤ . . . ≤ bη̂ ≤ 1023.

To clarify the notation, the controller in Figure 5.2(b) would be expressed as:

β2 = {300,900} ,

4The old adage that the accomplishments of the student reflects the competence of the teacher
holds true for this case.
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if IR2 > 400
y = −3

else
y = 1

end

if IR2 > 300
y = −3

else ifIR1 < 900
y = 1

else
y = 0

end

(a) (b)

if IR3 ≥ 750
y = −3

else ifIR2 > 500∧ IR2 < 750
y = −2

else ifIR2 > 250
y = −1

else ifIR1 < 750
y = 1

else
y = 0

end

(c)

Figure 5.2: (a) This is a single border controllers, creating two partitions and util-
ising two separate motor control actions. Figure (b) is a slightly more advanced
controller, using two borders and three motor control actions. Figure (c)has three
different borders, and a host of control actions. Common between all these con-
trollers is that they exhibit the same behaviour (following the left wall), but uses
more and more advanced methods to achieve it.
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where the two edge borders zero and 1023 are implied and therefore leftout.
The first case that shall be considered is when all the sensors is subject to a

single set of borders, meaning that their input space is partitioned in the exact same
way. This will yield the simplest controllers using the smallest partitioning scheme.

Let Φ : [0,1023]η → [0,1] be a function which to each set of borders associates
a value corresponding to its fitness. The objective function (that is, the function the
system is trying to minimise) is the ratio of samples for which the system yields the
wrong motor control action (compared to the action stored together with the sensor
data). A high fitness corresponds to a low error and vice versa. The problem of
finding the set of optimal borders can then be expressed as:5

β̂η̂ = argmax
βη̂

Φ
(
βη̂

)
, whereβη̂ ∈ [0,1023]η̂ . (5.4)

The second case is when each sensor is allowed its own set of borders,hence-
fort referred to asindividual borders. This case is interesting to examine since
intuitively it should allow the resulting association rules to become more flexible
requiring a lower value of̂η. This problem could also be described as locating a

set of optimal sets of optimal borders:B̂ η̂ =
{

β̂η̂1, β̂η̂2, . . . , β̂η̂8

}
, or:

B̂ η̂ = argmax
B

Φ(B ), whereB ∈
(
[0,1023]η̂

)8
. (5.5)

The task of finding the set of optimal bordersβ̂η̂ is rather trivial for the case
whenη̂ = 1, since there would be only 1024 possible solutions to consider. Unfor-
tunately, the size of the solution space increases exponentially asη̂ increases. An
even worse case occurs if each sensor is allowed its own set of borders, since the
solution space then would increase (for the Khepera) eight times faster. Locating
the global minimum is clearly a nontrivial task, requiring an efficient algorithm.In
reality, the best solution that can be expected to be found in finite time is simply
“good enough”.6 The complexity of the solution space is hinted at in Figure 5.3,
where the fitness of a remote controlled behaviour is visualised (for all setsof bor-
ders of length two).

Since genetic algorithms have worked well in other multidimensional problems
(especially when the dimensionality is high), they were chosen for the task ofde-
termining the set of optimal borders. Since the sensor range of a Kheperarobot
is only ten bits, it is natural to encode each border as a ten bit binary allele (see
Figure 5.4). As often is done when binary encoding is used, the pure binary code
is replaced by a Gray code.

5We are trying to maximise the fitness, which corresponds to minimising the error of the objective
function (in this case the error for the training or test set).

6For the case when̂η = 3 and individual borders are sought for, the total solution space contains
10248η̂ = 2240 possible solutions. This makes it close to impossible for any algorithm to consider all
the points in finite time, which implies that locating the global minimum is impossible.
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 0
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Figure 5.3: The solution space can be quite complex, in this case a two dimensional
space is visualised. The x- and z-axis depicts the sensor range 0. . .1023 of the
Khepera robot, and the y-axis corresponds to the fitness of the partitioning scheme
defined by the values of the x- and z-axis. The mirroring which occurs along the
center is caused by the repair mechanism used by the fitness function.

The set of borders is required to be ordered (so that the partitioning scheme
makes sense) and there is no guarantee that the genetic optimisation processpro-
duces this property, therefore a means of repairing the defect chromosomes are
needed. In this case a simple repair mechanism was implemented within the fit-
ness function where the borders are simply sorted (their position is irrelevant, only
their actual value is interesting).

The fitness functionΦ
(
βη̂

)
uses the partitioning scheme specified inβη̂ to

convert the raw sensor data into symbols, which is then used to create a setof
association rules. This rule base is then used to determine the training error or
fitness of this set.7 The genetic algorithms, of course, uses this fitness score for
selective pressure (more information in Section 3.2).

5.5.1 Experiment

The aim of the following experiment is to evaluate how well the proposed method
of finding the optimal set of borders (as well as the optimal set of individual bor-
ders) using genetic algorithms works.

The Khepera robot is allowed to run for a period of time of 100 seconds and one
sample is gathered every 0.1 seconds, resulting in a total of 1000 samples (where

7The reader is reminded that a low training error corresponds to a high fitness score.
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0100110010︸ ︷︷ ︸
Border1

1011100011︸ ︷︷ ︸
Border2

. . .1110010011︸ ︷︷ ︸
Borderη︸ ︷︷ ︸

βη

Figure 5.4: The chromosome is divided into a series of alleles, each coding for
one border. Since each border is a value between zero and 1023, theyare naturally
expressed as ten bits binary numbers.

Table 5.2: The resulting performance for the manually programmed controllerin
Figure 5.2(b). From the high performance measured, it is clear that the set of
borders found by the optimisation algorithm are (close to) the correct set.

Strength #rules etr% ete% 0rule% 1rule% 2rules% >2rules%
1.00 5 0.0 0.4 0.0 85.3 14.7 0.0
0.95 7 0.1 0.5 0.0 82.2 14.8 3.0
0.90 10 1.2 1.8 0.0 0.7 25.9 73.4
0.85 10 1.2 1.8 0.0 0.7 25.9 73.4

each sample follows the general form specified in Section 5.3). This is repeated for
each controller in Figure 5.2 as well as using the remote control to acquire more
interesting data. The collected data is then split into two disjunct sets, the training
set and the test set.8

The algorithm described in Section 5.6 is used to determine the optimal number
of borders to use (thêη parameter) for each individual controller. Knowing the
value ofη̂ allows the optimisation algorithm to find the set of optimal borders for
each data set.

Any set of borders may result in a large number of association rules, the strength
attribute implies that some rules are more relevant than others. To remove and
limit the number of rules a threshold value minstrength is selected, those rules with
a strength value below the threshold are discarded.

For the first part of the experiment, the manually coded controllers found in
Figure 5.2 are used. The result, after optimisation, for one case (namely thetwo
border controller in Figure 5.2(b)) is summarised in Table 5.2 for several values of
minstrength.

The results include both the training erroretr and the test errorete, as well as
a break down of the different cases occurring in the matching of the rulesagainst
the test set. The 0rule% summarises all the cases when no rule was found match-
ing, causing the nearest neighbour algorithm to be invoked. The 1rule% are triv-

8It is important that the sets do not overlap or else the results will be biased.

37



5.5. DETERMINING OPTIMAL BORDERS

ial cases, since the control action chosen only depends on one rule. The ratio of
multiple matching rules are handled by the majority voting scheme proposed by
Hellström.

The results are as expected, and matches quite well those obtained througha
similar experiment by Hellström [14]. Keep in mind that in his experiments the
set of optimal borders were all known before hand. The low training andtest error
indicates that the set of borders chosen were indeed the optimal set. Similar results
are received for the other two controllers in Figure 5.2.

These results implies that our method of finding the set of optimal borders
indeed works, and that it will be able to yield good results. The more interesting
part of the experiment uses a remote control to allow an operator to directly guide
the robot and showing it the behaviour it should learn.

In this case the operator tries to teach the robot a corridor following behaviour.
Data is collected in the same manner as for the previous experiments, and the
optimal number of borderŝη is determined through the algorithm proposed in Sec-
tion 5.6.

A subset of the resulting set of association rules for the corridor following
behaviour is found in Table 5.3. Most rules relies heavily upon the rear sensors
(see Figure 5.1) to determine the resulting control action.

The partitioning scheme found by the optimisation algorithm whenη̂ = 3 and
minstrength= 1.00 is:

ir i =





0 if 0 ≤ IRi ≤ 352 (long distance)
1 if 353≤ IRi ≤ 874 (medium distance)
2 if 875≤ IRi ≤ 924 (short distance)
3 if 925≤ IRi ≤ 1023 (very short distance).

(5.6)

Table 5.4 shows the performance of the association rules for different threshold
values of the strength attribute. The performance in this case is far lower than
those obtained for the manually coded controllers. This is not surprising, since it
is far more difficult for an operator to be consistent and always act in a reactive
manner. In this case low performance is directly linked to the quality and skill of
the operator, so low performance translates into a poor teacher. From thetable it
is easy to see that adding more rules does not seem to have any large effect on the
test error (50 additional rules only manages to improve the performance bya small
fraction).

Individual Borders

Intuitively the performance is expected to increase if each sensor is allowed its
own set of borders, since the partitioning scheme of one sensor would not affect
another sensor. This should also mean that fewer borders are required to attain high
performance (that is a low fitness score).

These expectations are somewhat correct, as seen in Table 5.5. The previous
experiment was repeated using individual borders and the performance recorded.
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Table 5.3: Example of a constructed rule base for a remote controlled corridor
following behaviour. This rule base was generated using a set of optimal borders
with minstrength= 1.00.

Rule No. Strength
ir0 = 3∧ ir5 = 0∧ ir7 = 0⇒ y = −1 1 1.00
ir1 = 3∧ ir5 = 0∧ ir7 = 0⇒ y = −1 2 1.00
ir0 = 1∧ ir2 = 1∧ ir4 = 0⇒ y = −1 3 1.00
ir2 = 0∧ ir4 = 1∧ ir5 = 3∧ ir7 = 0⇒ y = 0 4 1.00
ir4 = 0∧ ir5 = 0∧ ir7 = 0⇒ y = −1 5 0.98
ir3 = 0∧ ir5 = 0∧ ir7 = 0⇒ y = −1 6 0.98
ir2 = 1∧ ir5 = 0∧ ir6 = 0⇒ y = −1 7 0.97
ir1 = 1∧ ir4 = 3∧ ir6 = 0∧ ir7 = 0⇒ y = 0 8 0.95
ir1 = 1∧ ir5 = 1⇒ y = −1 9 0.94
ir4 = 0∧ ir5 = 1∧ ir7 = 1⇒ y = −1 10 0.94
ir2 = 1∧ ir5 = 0⇒ y = −1 11 0.94
ir2 = 0∧ ir3 = 0∧ ir4 = 1∧ ir7 = 0⇒ y = 0 12 0.94
ir4 = 1∧ ir5 = 3∧ ir7 = 0⇒ y = 0 13 0.94
ir2 = 1∧ ir4 = 0∧ ir6 = 0⇒ y = −1 14 0.93
ir3 = 0∧ ir4 = 0∧ ir5 = 0∧ ir6 = 0⇒ y = −1 15 0.93
ir2 = 1∧ ir4 = 0∧ ir7 = 0⇒ y = −1 16 0.93
ir0 = 1∧ ir2 = 1⇒−1 17 0.93
ir3 = 0∧ ir4 = 3∧ ir6 = 0∧ ir7 = 0⇒ y = 0 18 0.93
ir1 = 1∧ ir5 = 3∧ ir6 = 0∧ ir7 = 0⇒ y = 0 19 0.93
ir0 = 3∧ ir1 = 1∧ ir4 = 3∧ ir7 = 0⇒ y = 0 20 0.93

Table 5.4: The table below shows the resulting performance for the set of opti-
mal borders found for a remote controlled corridor following behaviour (in this
casêη = 3).

Strength #rules etr% ete% 0rule% 1rule% 2rules% >2rules%
1.00 4 25.2 27.0 80.2 13.2 6.6 0.0
0.95 9 24.8 27.4 65.6 19.2 10.6 4.6
0.90 29 19.8 24.0 30.4 22.2 8.8 38.6
0.85 55 19.2 25.4 12.6 9.4 14.6 63.4
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Table 5.5: Using individual borders yields similar performance as when using a
single set for all sensors. It should be noted though, that the optimal number of
borders decreases when using individual borders (in this caseη̂ = 2).

Strength #rules etr% ete% 0rule% 1rule% 2rules% >2rules%
1.00 6 24.0 27.4 82.2 11.0 1.2 5.6
0.95 7 20.6 24.8 76.6 5.6 6.8 11.0
0.90 42 18.6 25.8 29.8 14.2 8.4 47.6
0.85 82 17.8 24.6 15.0 5.4 4.4 75.2

Comparing these results to those in Table 5.4 several things should be noted.The
assumption that the number of borders should be lower using individual borders
compared to one set of borders for all sensors is verified. Instead ofthree bor-
ders required for the previous experiment, using individual borders needs only two
borders to reach maximum performance.

Furthermore, the training error is reduced and the test error is slightly better.
These results are quite representative for all experiments done. However, it should
be noted that using the first case has three borders to optimise while the second
case has 8·2 = 16 borders. This causes the optimisation problem to become much
harder and the resulting controller becomes much more complex.

5.6 Determining Border Count

The partitioning scheme (as mentioned before) is used to create the mapping be-
tween sensor readings and symbols which is later used in the rule discoverypro-
cess. But in order for the partitioning scheme to be defined and found, thenumber
of borders and therefore also the number of partitions have to be specified. In the
case of hand crafted controllers (e.g. those listed in Figure 5.2) this may notbe
a problem, but in the case of very complex controllers or when using a remote
control to guide the robot it is another matter.

Having too few borders will impede performance, since the resulting rule base
will not be able to capture the details of the underlying behaviour. Considerthe
case of the controller in Figure 5.2(c) which depends on a partitioning scheme
with four partitions. If only one border was used to discover the rules, it would
mean that only part of its behaviour could be accurately described. This would
also lead to poor performance. Therefore it is clear that the case of too few borders
should be avoided.

However, simply using a “large” number of borders will not resolve this issue.
Too many borders will result in a larger search space and will thereforerequire a
higher computational effort to locate the set of optimal borders. Consideralso the
extreme case where we have one border for each possible sensor reading (i.e. 1024
borders for the sensor range of the Khepera), then an enormous rulebase would be
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required to capture all the possible combinations which could arise, as well as the
need for a huge training set to create the rules.9 The principle of Occam’s razor10

suggests that the number of borders used to create the rule base should be carefully
considered.

To give the problem a more formal description, a suitable notation will be
adopted. Define the functionϕ : Z

+ → [0,1] as the function which determines the
maximum fitnessΦ(β̂η) obtainable for a set of borders with size|β̂η| = η (i.e. the
fitness for the optimal set with sizeη using Equation 5.4). The problem can then
be formulated as:

η̂ = arg max
η∈Z+

ϕ(η) (5.7)

Finding the solution to this problem can be done by utilising the following
property of the fitness function:

Φ(β̂i+1) ≥ Φ(β̂i), ∀i ∈ Z
+. (5.8)

Which we state and prove as a theorem:
Consider the set of borderŝβη = {b1,b2, . . . ,bη} with the lengthη and the

fitnessΦ(β̂η). Then a new setβη+1 can be formed by adding a new elementbη+1

to the previous setβη forming:

βη+1 = β̂η ∪{bη+1} . (5.9)

If the new elementbη+1 is chosen such thatbη+1 ∈ βη then Equation 5.9 will

result in an empty partition,11 which is equivalent to say thatβη+1 = β̂η, i.e.

∃βη+1 Φ(βη+1) = Φ(β̂η), and maximisingΦ with respect toβη+1 can only yield

greater values, that isΦ(β̂η+1) ≥ Φ(β̂η). Q.E.D.
By combining Equation 5.7 with Equation 5.4 (or Equation 5.5 for when indi-

vidual borders are used), the total optimisation problem can be stated as:

η̂ = min

(
arg max

η∈Z+
ϕ(η)

)

β̂η̂ = argmax
βη̂

Φ(βη̂), whereβη̂ ∈ [0,1024]η̂. (5.10)

In essence this problem consists of finding that set of bordersβ̂η̂, of arbitrary
length, that maximises the fitness functionΦ.

9This is sometimes also referred to as “the curse of dimensionality”, since the required size of the
training set increases with the dimensionality of the problem.

10Occam’s razor in this case states that using fewer borders is preferable when a more complex
controller (using a higher number of borders) does not give any significant improvements upon per-
formance.

11Consider the fact that if two identical borders exists, the partition has no extent and is therefore
incapable of containing a sensor reading.
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This problem may be solved by exploiting the fact that the theorem in Equa-
tion 5.8 is monotonically increasing, to construct a simple iterative algorithm to
determine the optimal number of bordersη̂.12 By repeatedly training and evalu-
ating the resulting fitness for increasing values ofη, the optimal valuêη together
with the set of optimal borderŝβη̂ can be determined as the value ofη for which
there is no additional increase in fitness, i.e. the maximum of the fitness function.

In practice this straightforward method should be modified slightly, since the
optimisation algorithm is stochastic and is thus not guaranteed to find the global
maxima. By aborting the iterative evaluation ofη when the difference in fitness for
two consecutive values ofη is below a certain thresholdτ, the algorithm will work
as intended. This condition can more formally be specified as that the iterations
are aborted when

Φ(β̂η+1)−Φ(β̂η) ≤ τ.

Determining which value of the thresholdτ to use, should be based on the principle
of Occam’s razor. Setting the threshold to zero, is likely to lead to a (very) high
value ofη̂ and therefore a complex controller. Conversely, a higher threshold will
lead to a smaller value of̂η and a simpler controller. When using the error ratio as
performance meassure it works quite well to setτ = 0.002. For the general case,
the value ofτ is problem dependant.

5.6.1 Experiment

To verify the claims made in the previous section regarding the choice of the opti-
mal number of borders, the following experiment is performed. The Khepera robot
is allowed to run for a period of time of 100 seconds, and one sample is gathered
every 0.1 seconds, resulting in a total of 1000 samples (where each samplefol-
lows the general form specified in section 5.3). This is repeated for eachcontroller
in Figure 5.2, as well as using the remote control for additional data. The data
collected is split into two sets, the training set and the validation set.

The algorithm proposed in the preceding section is used to determine the op-
timal number of borders for the controllers found in Figure 5.2. For increasing
values ofη the fitness of the set set of optimal borders is determined. The results
are summarised in Figure 5.5. Since the optimisation algorithm is stochastic in
nature, the performance is not guaranteed to be the same as the global optimum
(causing the performance to vary a bit).

A more interesting example is that of a remote controlled behaviour, since
the optimal number of borderŝη is not known in advance. Figure 5.6 shows the
resulting fitness for different values ofη for a remote controlled corridor following
behaviour (the same training and test set used in Section 5.5.1).

12It should be noted that, in our experience, relatively few borders, i.e.a low value ofη̂, are
required to maximise the fitness. Therefore a more advanced algorithm (e.g. branch and bound) is
unlikely to provide any real benefit.
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Figure 5.5: The figures shows the fitness for the controllers in Figure 5.2.As ex-
pected the fitness varies with the number of borderη as predicted by Equation 5.8.
In the figure abovêη denotes the correct number of borders to use (i.e. the number
used in the actual controllers).

43



5.7. FUZZIFIED BORDERS

 0

 0.2

 0.4

 0.6

 0.8

 1

 1  2  3  4  5  6

F
itn

es
s

Number of Borders η

Performance for Remote Controlled Robot
Corridor Following Behaviour

Figure 5.6: The fitness for a remote controlled behaviour (in this case a corridor
following behaviour) for different values ofη. In this case it appears that the opti-
mal value iŝη = 3.

5.7 Fuzzified Borders

The set of association rules used to provide the behavioural mapping between the
sensory input and the motor control action, has the unfortunate possibility of mul-
tiple rules triggering simultaneously. This raises the question of how the system
should respond to this event. The obvious way to avoid this problem is simply to
assign each rule a priority based on the strength and confidence of that rule. The
control action of the rule with the highest priority is chosen.

A less naïve method was proposed by Hellström in [14], where a majority vote
between the matching rules determined the final motor control action. Another
means to handle this case would be to fuzzify the borders, causing the controller
to more closely resemble that of a fuzzy controller. Depending on the membership
functions that are used (e.g. a Gaussian membership function), this method would
also provide a response for the case when no rules are triggered.

To relate this idea using the terms introduced in Chapter 4, what this system
does is using the association rules to form the rule base used by the knowledge base.
The database, containing the meaning of each term used in the rule base, is then
modified to use fuzzy sets instead of the crisp sets used previous. This allows for
each sensor reading to belong to several different partitions with a varying degree
of membership.

There are a large number of considerations which are required in orderfor
this to work, such as the choice of membership functions, the fuzzification and
defuzzification functions used, the choice of disjunctions and conjunctions(and
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Figure 5.7: The chromosome structure used to encode triangular membershipfunc-
tions. Each allele corresponds to one edge- or centerpoint of a triangle.The two
special cases for the edges where only one allele is required (since bothzero and
1023 are implied) is also shown.

therefore also which implication function to use). The resulting performanceof
the system depend on the choices made regarding these functions and methods.

We shall continue to deploy genetic algorithms to perform the optimisation and
tuning of the fuzzy sets. The encoding chosen will continue to be a binary Gray
code, because the sensor range of the Khepera robot is limited to ten bits. Fig-
ure 5.7 shows the layout of the chromosome for triangular membership functions.
Each fuzzy set is represented by a group of alleles corresponding to the respective
parameters of the membership function. This means left, center and right fora tri-
angular membership function and left, top left, top right and right for a trapezoidal
membership function.

The position of each group of alleles corresponds to a particular partition.How-
ever, the position of each individual allele within a group has no special meaning.
Repairing defect groups is important, since for a given sensor readingeach mem-
bership function may only yield one degree of membership. Consider the case for
triangular membership functions, where it is required that the center lies in between
the left and right edges. To repair these defect groups, the individual alleles within
a group will be sorted.

Depending on the defuzzification function chosen the resulting motor control
action may be a real number (as opposed to an integer). This will invalidate the
previous method of measuring performance, where the ratio of wrongly classified
samples was used. For non-integer answers this measure does not apply. Instead
the performance will be measured by the mean square error function as defined
below.

Let ỹi denote the defuzzified result for the samplei, and letyi be the correct
motor control action as specified by samplei. Then the mean square error function
is defined as:

etot =
1
n

n−1

∑
i=0

(ỹi −yi)
2 , (5.11)
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Table 5.6: The two different performance measures yields slightly different results.
The values can be said to be comparable, providing a means to understand how
“good” the performance actually is.

Performance as mean square error
Strength #rules etr ete 0rule% 1rule% 2rules% >2rules%

1.00 4 0.34 0.29 82.0 10.2 7.8 0.0
0.90 43 0.27 0.30 26.6 12.4 12.8 48.2

Performance as ratio of error
Strength #rules etr% ete% 0rule% 1rule% 2rules% >2rules%

1.00 4 25.2 27.0 80.2 13.2 6.6 0.0
0.90 29 19.8 24.0 30.4 22.2 8.8 38.6

wheren is the total number of samples.
To enable comparisons between fuzzified borders and Hellström’s method (near-

est neighbour when no rule matches and majority vote when multiple rules are
triggered), new results will be computed using Equation 5.11 as performance mea-
sure.13 Table 5.6 shows a summary of the results obtained from the same data
sets (the remote controlled corridor follower) using the two performance measures.
Since the results should be approximately equivalent, it allows for a more intuitive
understanding of what a mean square error of 0.29 means (in this case thisvalue
corresponds to a error ratio of 27 percent).

Since the genetic algorithms seeks to maximise the fitness, and the objective
function tries to minimise the mean square error (i.e. Equation 5.11) there is room
for confusion. The fitness function, in this case, is simply the negative of the
objective function. This can also be restated as trying to maximise−etot.14 Because
the sign of the fitness is always negative, it will be removed from the results.

5.7.1 Experiment

The purpose of the following experiment is to compare the performance of the
fuzzified borders to that of the non-fuzzy controllers. Besides this comparison,
we will also evaluate which combination of algorithms and methods (such as the
choice of membership function and defuzzification method) that yields the best
performance (i.e. the highest fitness).

In this experiment the data gathered previously, through the use of both the
controllers in Figure 5.2 as well as the remote controlled behaviour, is reused. The

13Note that a different performance measure may result in different results, i.e. the set of optimal
borders might become a different set.

14In general, the genetic algorithms do not work well with a negative fitness.However, since we
are using rank scaling (see Section 3.2.1) the sign of the fitness will not matter.
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data consists of 1000 samples, split into two disjunct sets, one set each fortrain-
ing and testing. The remote controlled behaviour is again the corridor following
behaviour used before.

As was seen in Section 4 there are many different methods to choose from
when setting up the fuzzy controller. Changing how disjunction and conjunction is
interpreted or changing the defuzzification method will likely affect the resulting
performance of the system. Another important aspect is whether the strength of
the rules should be factored in or not, since intuitively it would seem that a low
strength should be reflected in the magnitude of the control action. Choosingthe
right membership function is another important task.

In this experiment the following parameters are examined:

• Intersection/Union versus Algebraic Product/Algebraic Sum.15

• COA for singletons versus Max criterion method.

• Scaling by the strength of the rules versus no scaling.

• Choice of membership function between triangular, trapezoidal or Gaussian.

The reader should keep in mind that for many membership functions the prob-
lem of what should be done when no rule matches is not guaranteed to be removed.
Using fuzzy membership functions only provides an alternative to majority voting
between multiple matching rules (in fact it is a weighted voting). However, it
should be pointed out that using the Gaussian membership function does indeed
guarantee that there will always be multiple rules matching since the Gaussian is
nonzero for every value.16

To evaluate the different methods (and combinations thereof) we shall lookat
both the maximum fitness obtained as well as the mean fitness of a large number
of solutions. It can be argued that the “best” method is the one that consistently
produces good solutions, i.e. has a high mean fitness. The reason for thisis quite
clear under the assumption that the samples are normally distributed, then there
is always a certain (very low) probability of achieving good results irregardless of
method used. A high mean fitness translates into an algorithm that does not require
as much “luck” as the others to find a good solutions, which also implies that less
computational effort is required to find good solutions.

To perform the evaluations of the methods the Student’s t-test will be used.17

This method compares the means of two distributions and is able to determine if
they are equal. Unfortunately this test also requires the samples to be normally

15See Table 4.2 for a definition of these concepts.
16In practice this is not the case. Depending on the parameters of the Gaussian function, it is

possible for the function to reach zero. This is caused by lack of precision in the calculation and
round off errors. When this happens, the knn method introduced earlier will be used.

17Details regarding the Student’s t-test can be found in most handbooks onstatistics, for instance
in [20].
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Figure 5.8: The histogram shows the normalised frequency of results obtained from
the experiments. Even though the match between the histogram and the added ideal
normal distribution is somewhat poor, the general shape of the histogram suggests
that it is normally distributed.

distributed. However, according to the central limit theorem:

“If a random sample ofn observations,y1,y2, . . . ,yn, is drawn from a
population with finite meanµ and varianceσ2, then, whenn is suffi-
ciently large, the sampling distribution of the sample meany can be
approximated by a normal density function.” – Mendenhall et al. [20]

That the above quote applies to this case is illustrated in Figure 5.8, where a
histogram of the observed results are shown together with a curve representing the
ideal normal distribution. The somewhat poor match between the histogram and
the curve is likely caused by estimation of the parameters (i.e. the mean and stan-
dard deviation) from the measured samples (as opposed to thereal distribution).

The non-fuzzy partitions can quite easily be interpreted as “long distance”or
“short distance” depending on the sensor range they cover. When using fuzzified
borders, the results after optimisation may not be as easily interpretable. An exam-
ple of this is seen in Figure 5.9 where triangular membership functions have been
optimised to yield the highest fitness. As the figure illustrates there exists a degree
of ambiguity regarding which membership functions corresponds to a “medium
distance” or a “long distance”. This is an unfortunate consequence of theoptimi-
sation.

48



CHAPTER 5. LEARNING BEHAVIOURAL MAPPINGS

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000

M
em

be
rs

hi
p 

G
ra

de

IR Sensor Reading

Very long distance
Long distance

Medium distance
Short distance

Figure 5.9: The resulting fuzzy partitions created by the triangular membership
functions (in actuality any fuzzy membership function would suffice) may notbe as
readily interpretable as their non-fuzzy counterparts. There exists someambiguity
regarding which membership function should be regarded as “long distance” or
“medium distance”.

Comparing Fuzzy Methods

Table 5.7 show the result of several combinations of the methods, both the optimal
fitnessete as well as the mean fitnessµete and standard deviationσete are shown.
In this case the threshold for the strength attribute was set at 0.90, which creates a
rule base consisting of 43 rules.

From a visual inspection the different methods seem relatively equivalent, but
there is still some interesting results that can be obtained (these results are repre-
sentative for all the different data tested).

Determining whether scaling the degree of membership by the strength of the
respective rule is examined first. Our null hypothesis isH0 : µ1 = µ2 and the alter-
native hypothesis becomesH1 : µ1 6= µ2. This means that the test will determine
whether the mean fitness of the two methods are equal or not. To acquire a rel-
atively high degree of certainty in our results, the significance level is chosen as
α = 0.01.18

The test is performed between each pair of methods that differ only in the usage
of scaling or not (e.g. using a triangular membership function and intersection as
conjunction, there is one entry where scaling is used and one when it is not).

For each of these six cases, the test clearly indicates that there is no significant
difference between the two means. This forces us to accept the null hypothesis,
and conclude that scaling the degree of membership with the strength of the rules
does not affect the results (at least with a confidence of 99%).

Regarding using the algebraic product over intersection as the meaning ofa
conjunction, the results are more uncertain. For the case in Table 5.7 both the
triangular and trapezoidal membership functions benefits from using the algebraic

18In one percent of the cases when the t-test asserts that the null hypothesis holds, it will be in
error.
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Table 5.7: The fitness for a large number of different sets of parametersare exam-
ined and shown below. As seen, the results are quite similar and on par with those
obtained from using crisp borders and majority voting directly (compare with Ta-
ble 5.6).

Scale Intersect Algebraic
product

Membership
function

ete µete σete

√ √
Triangular 0.2667 0.2880 0.0219√
Triangular 0.2627 0.2802 0.0183√ √
Triangular 0.2591 0.2734 0.0170√
Triangular 0.2587 0.2730 0.0161

√ √
Trapezoidal 0.2713 0.2853 0.0079√
Trapezoidal 0.2712 0.2822 0.0063√ √
Trapezoidal 0.2610 0.2802 0.0102√
Trapezoidal 0.2685 0.2801 0.0092

√ √
Gaussian 0.2634 0.2712 0.0092√
Gaussian 0.2639 0.2735 0.0141√ √
Gaussian 0.2535 0.2671 0.0098√
Gaussian 0.2555 0.2671 0.0089

product, while for the Gaussian there is no statistical difference. However, these
results do not seem to hold for the general case. Using a different threshold value
for the strength attribute (changing the number of rules) produces different results.

Trying to determine which of the three membership functions yields the best
results, has similar problems as trying to differentiate between the two forms of
conjunctions. Inconsistent results depending on the use of the minimal valueof
strength allowed. It is therefore likely that some methods work better with a low
number of rules, and others when the number of rules increases.

Fuzzy versus Crisp

The original method proposed by Hellström [14] used a combination of nearest
neighbour and majority voting to handle the different cases that might arise.The
comparison between the two approaches of using majority voting and using fuzzi-
fied borders will also make use of the Student’s t-test. The null hypothesis isas
beforeH0 : µ1 = µ2, however since we are trying to determine which of the two
methods are superior to the other the alternative hypothesis becomesH1 : µ1 < µ2.19

Comparing the results from Table 5.6 with Table 5.7, it is obvious that the two
methods tends to yield quite similar results for the maximum fitness. When using
the non-fuzzy method the best result becomesete = 0.30 compared toete ≈ 0.26
for the fuzzified borders.

19A single tailed test is used to determine if one mean is higher or lower than the other.
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Figure 5.10: The rate of convergence, measured as the required number of evalua-
tions of the fitness function to reach a certain threshold, increases as the population
increases. A least square fitted line is also shown to help clarify the trend.

Even though the approach of using fuzzified borders produces an improvement,
it may not be that important because of the arguments presented earlier. These
arguments can be summarised as the method which consistently produces better
results is superior, i.e. has a lower mean error (which is equivalent of a high mean
fitness).

However, the conclusion that the fuzzified borders are better is supported by the
significant difference between the two means. The non-fuzzy method yields a mean
of µte = 0.3009, whereas the fuzzified algorithms yields (according to Table 5.7)
values aroundµte ≈ 0.28. This is also confirmed by the Student’s t-test, since it
rejects the null hypothesis in favour of the alternative one (the sameα = 0.01 as
before is used).

Therefore using the fuzzified borders produces better results than using the
crisp equivalent. Unfortunately, this result is skewed in favour of the method using
the fuzzified borders. Since we are using the results from the non-fuzzy borders as
a starting point, there exists a certain bias which makes it slightly easier to find a
good set of fuzzified borders.

5.8 Choosing Algorithms and Parameters

To achieve a fairly high rate of convergence for the genetic algorithms a large
number of possible sets of parameters were considered. For the first optimisation
task, finding a optimal set of (crisp) borders, a good value of the mutation rate
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Figure 5.11: Comparing the rate of convergence between the genetic algorithms
and a random search clearly shows that the genetic algorithms are superior. For the
random search, one generation equals to ten evaluations of the fitness function.

was found to be aroundpm = 0.09. Rather surprisingly, recombination did not
significantly improve the rate of convergence for this particular problem.

The size of the population was set quite low, ten individuals seemed to produce
the best results. Figure 5.10 shows that increasing the population size beyond
this value did not improve the rate of convergence. The rate of convergence was
measured as the number of evaluations of the fitness functions, while counting the
number of generations is a possibility it is a (in our opinion) suboptimal measure.
The reason is simply that the computational effort does not lie in producing new
generations but rather in the evaluation of the fitness function, a low numberof
evaluations therefore translates into a quicker convergence.

Similar values of both the size of the population and the mutation rate was
found to work well for the second optimisation problem (i.e. optimising the mem-
bership functions for the fuzzified borders). A high value of the crossover rate
pc = 0.75 gave consistently better results compared to other values.

These values are of course purely empirical and since it is very difficultto
test all combination of values of the parameters together with the large number of
possible algorithms, they can at best be described as “good enough”.

By using a Gray code representation instead of a pure binary one, the rate of
convergence was again found to be clearly better. This result is not thatsurprising
given the arguments in Section 3.1.

For the genetic algorithms there are a number of (sub) algorithms that had to be
used. For the selection the SUS algorithm (see Section 3.2 for details) was found to
work quite well, especially together with an elitistic strategy of combining the par-
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ent population with the generated offspring. The scaling of the fitness values was
performed with a linear rank scaling and a two-point crossover was used. These
algorithms produced reasonably good results.

Comparing the rate of convergence and the results achieved by a purely ran-
dom search, the genetic algorithm tended to perform better. This is illustratedin
Figure 5.11, where the maximum fitness of each generation is shown for boththe
genetic algorithms and a random search. When the size of the problem increased
(i.e. the number of dimensions increased) the genetic algorithm became far su-
perior the the random search (this holds especially true for finding the fuzzified
borders). Comparisons were also made against an implementation of the DIRECT-
algorithm [3] for optimisation, and while it performed on par or better than the
genetic algorithms for many problems it had sever difficulties handling cases when
the dimensionality of the problem increased beyond 10 dimensions.
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Chapter 6

Summary and Conclusions

Borrowing concepts of fuzzy logic controllers to enhance the associationrules is a
step that intuitively should improve the performance of the system. However,com-
paring the empirical results found in Chapter 5 with those obtained using a simple
majority vote between all of the matching rules, several things can be determined.

The scaling of the membership grade by the strength of each rule, does not
yield any change in performance. All of the different combinations of the pa-
rameters tested seems to yield similar results to each other, the improvement in
performance is negligible. This can be ascertained with a high degree of certainty
(the significance level of the tests wereα = 0.01).

A direct comparison between the fuzzified borders and the use of majority vot-
ing does indeed indicate that a higher mean performance results from the use of
fuzzy set theory (again with a certainty of 99%). Unfortunately, the minimum fit-
ness is very similar and from this the only conclusion that can be made is that the
use of majority voting is superior to that of using fuzzy borders. Even though the
performance appearsslightly better it does not motivate the increased computa-
tional effort as well as the increased complexity of the resulting system.

The performance of the association rules is highly dependant upon how the in-
put space is discretized. The discretization is problem dependant, and determining
how this should be done (optimally) is an important task. Determining the parti-
tioning scheme required for the mapping between the raw sensory informationto
the symbols used by the rule discovery process, is dependant on two factors; the
optimal border count and the set of optimal borders.

By exploiting the properties of the fitness function (as it depends on the border
count), a simple iterative method for determining the optimal border count was
proposed. Both the theoretical proof and empirical experiments strongly suggests
that this method works well in practice, allowing the system to determine the best
value to use.

Finding the optimal border count is linked with the problem of finding the set
of optimal borders, since they both requires a method of maximising the fitness
function for any given number of borders. The solution to this optimisation prob-
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lem made use of genetic algorithms, and from the experimental results in Chapter 5
we conclude that this approach works quite well. By utilising the known partition-
ing scheme of the manually coded controllers in Figure 5.2, it becomes obvious
that the optimisation process quickly is capable of locating the correct set. This,
of course, gives credence to quality of the borders found for the remote controlled
behaviours.

By using these two methods, it is clear that the system is capable of autonomously
providing the solutions required in order for the discretization of the input space to
take place. By extension, this also allows the system to autonomously extract the
association rules from the data recorded during the demonstration.
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Appendix A

Notation

pm The rate of mutation.
pc The probability of recombination taking place.
η The number of borders, i.e. the size ofβη

η̂ The optimal number of borders, i.e. the size ofβ̂η̂
βn The set of borders, where|βn| = n.

β̂n The optimal set of borders with sizen.
B The set of sets of borders.
B̂ The set of sets ofoptimalborders.
Φ(βη) The fitness associated with the given set of borders of lengthη.
ϕ(η) The optimal fitness for any set of borders of lengthη.
y The (crisp) motor control action.
ỹ The defuzzified motor control action.
ete The mean square error of the test set.
µete The mean value of a large number ofete.
σete The standard deviation of a large number ofete.
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