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Abstract

Treebag is a software for experimenting with formal models in Computer
Science, one type of such models being tree transducers. Tree transducers
translate input trees to output trees, a mechanism used in e.g. compilers and
picture generation. The top-down tree transducer is one of the formal models
implemented as a component in Treebag. Compared to the top-down tree
transducer, the macro tree transducer provides a more powerful model of
computation. This thesis describes how Treebag is extended with a macro
tree transducer component.
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Chapter 1

Introduction

A formal language is a set of strings. Let L denote a formal language, then
each string s in the language L is created from characters in an alphabet
A [HMU01]. E.g. let Aex1 be the set {+, ∗, (, )} ∪N0 and let Lex1 contain all
the strings created from Aex1 representing arithmetic expressions. Some of
the strings in Lex1 are shown in Figure 1.1. Additionally, let the operators
∗, + have the standard semantics (meaning) and precedence. If S denotes a
semantics evaluator for strings then S(s) would denote the value of string s,
e.g. S(1 + 1 ∗ 1 + 1) = 3.

3 + 1 ∗ 2 1 (12 + 1) ∗ (5 + 11)
(3 + 22) ∗ 5 1 ∗ 1 12 + 1 ∗ 5 + 11

Figure 1.1: Six examples of arithmetic expressions created from the characters
{+, ∗, (, )} ∪ N0

Now, let the language Lex2 contain all arithmetic expressions created
from the alphabet Aex2 = {+} ∪ N0, i.e. all arithmetic expressions denoting
additions of natural numbers. E.g. 3 + 2 + 15 is in Lex2.

Each natural number n ∈ N0 is denoted by at least one string in Lex1 and
one in Lex2

1. I.e. both languages contain expressions over the same range of
natural numbers. Hence it should also be possible to map each element in
Lex1 to an equivalent element in Lex2. Formally, for each string s ∈ Lex1 there
exists a string f(s) = s′ where s′ ∈ Lex2 and the semantics of both strings are

1Since n is an arithmetic expression by itself and exists in both Aex1 and Aex2.
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2 INTRODUCTION

equal, S(s) = S(s′). This mapping could, in our example languages, result
in e.g. fex1,2(3 ∗ 2 + 1) = 2 + 2 + 2 + 1.

More generally the mapping described above can be called a translation
from a source language to a target language. The process of the translation
can be divided into four consecutive steps: lexical analysis, syntactic anal-
ysis, syntax-directed semantics translation and interpretation; as shown in
Figure 1.2.

Source Language Lexical Analyzer

Syntax Analyzer

Syntax-Directed Semantics Translator

Target Language Interpretation

Figure 1.2: Major steps in a simplified language translation process.

The lexical analyzer receives a string in the source language and con-
structs tokens of the input. A token is a, longest possible, sequence of char-
acters in the input stream which together constitute a string in the source lan-
guage. Figure 1.3 shows a data stream being sequenced into tokens. [ASU86]

12+3*2  

12
+
3
∗
2

(a) (b)

Figure 1.3: An example of a character stream, (a), going through a lexical analyzer
and becoming a sequence of tokens, (b).

Tokens from the lexical analyzer act as input for the syntactic analyzer.
The syntactic analyzer arranges the tokens into a parse tree. The parse tree



3

is constructed according to the syntactic rules of the input language, e.g.
operator precedence in arithmetic expressions. Figure 1.4 shows an example
of how the token sequence from Figure 1.3 is turned into a parse tree. A
program creating a parse tree is commonly referred to as a parser.

12
+
3
∗
2

 

+

12 *

3 2

(a) (b)

Figure 1.4: Token sequence (a) constructed as parse tree (b) by a syntactic ana-
lyzer.

The syntax-directed semantics translator, for short sds translator, is the
most complex part of the translator described in Figure 1.2. A syntax-
directed semantics translation assumes that the input language has a syntax-
directed semantics, i.e. that the semantics (meaning) of the language depends
upon its syntactic structure. The sds evaluator transforms its input, the parse
tree, into an output tree which represents a string in the target language.
Furthermore, the syntax-directed semantics of the input tree and the output
tree equal each other. I.e. the sds translator must perform a tree translation
where the input and the generated output tree have the same meaning. See
Figure 1.5 for an example of how the parse tree in Figure 1.4 is translated
into an output tree representing the same semantics as the input but using
only characters from the alphabet of the target language, Aex2.

Finally an algebra will perform an interpretation of the output tree. To
generate the output, the algebra will perform an operation at each symbol
in the tree, eventually yielding a result string in the target language. E.g.
Figure 1.6 shows the output of an algebra performing string concatenation
at all symbols in a tree. Another interpretation, calculating the result of
the tree by using numbers as data values and + as an operator, is shown in
Figure 1.7.

In this text, the first two steps of the translation process, lexical and
syntactic analysis are not covered further. An introduction to finite automata
and context-free grammars and how they can model lexical analyzers and



4 INTRODUCTION

+

12 *

3 2

 

+

12 +

+

2 2

2

(a) (b)

Figure 1.5: Example of an sds translator transforming a parse tree (a) into an
output tree (b).

+

12 +

+

2 2

2

 12 + 2 + 2 + 2

Figure 1.6: Example of an algebra outputting a string corresponding to the ex-
pression denoted by the syntactic structure of the tree.

syntactic analyzers, respectively, can be found in [HMU01] and [ASU86].

The focus of this thesis is inside the area of syntax-directed semantics.
In the theory of syntax-directed semantics, formal models of syntax-directed
semantics are used. A formal model of syntax-directed semantics is the
combination of a specification language and a computation paradigm. The
specification language describes the syntax-directed semantics of the input,
i.e. how the syntactic structure of the input describes the semantics of the
input. The computation paradigm transforms input trees to a output trees
according to the specification language. [FV98]

One type of formal models of syntax-directed semantics are called tree
transducers. Top-down tree transducers and macro tree transducers are two
types of tree transducers. Chapter 2 describes these two tree transducers
and how their translation capabilities differ.
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+

12 +

+

2 2

2

 18

Figure 1.7: Shows an algebra performing addition and outputting the numeric
result.

Translations like the one described above, in Figure 1.2, can be used for a
number of applications. Two of them are compilers2 and picture generation.
In picture generation, the target language is interpreted as geometric objects
by algebras and displayed as pictures. Treebag is a system which can be
used for picture generation. Treebag is explained in Section 1.2.

1.1 Tree Terminology

To understand the formal definitions of the tree transducers in Chapter 2,
some basic terminology needs to be explained.

A symbol consists of a name f and rank n, where n is any integer zero
or larger (formally n ∈ N0). f (n) denotes a symbol uniquely identified by the
combination of its name and rank.

A ranked alphabet Σ is a set of symbols. E.g. Σex1 = { a(0), b(1), c(1), f (3),
g(2)} denotes the ranked alphabet Σex1 consisting of the symbols named a,
b, c, f and g with the ranks 0, 1, 1, 3 and 2 respectively. Σ(i), where i ∈ N0,
denotes the subset of Σ containing all symbols of rank i. In our example,
Σ

(1)
ex1 = {b(1), c(1)}. A finite ranked alphabet is a ranked alphabet containing

a finite number of symbols.
Trees are constructed of symbols from a ranked alphabet. A tree consists

of a top symbol, called root, and n subtrees, where n equals the rank of the
root. In turn, each subtree is also a tree, i.e. they have their own root symbol

2This introduction has attempted to explain the language translation process from a
very simplified point of view. A real world compiler would however have to consider several
more aspects, such as error handling and printing useful error messages, code optimizations
and register allocation [ASU86].
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with subtrees. Since one symbol can exist at more than one position in the
same tree, it might be impossible to use only symbols to distinguish unique
positions within the tree. Each unique position in a tree is therefore referred
to as a node. One way to identify and label nodes is to describe the path
from the root to the node in question [Dre05]. The children of a node n are
the roots of its subtrees, whose parent is of course n. A (sub)tree with a
root symbol of rank zero has no subtrees or children, hence it contains only
a single node which is referred to as a leaf.

The definition of a term is equivalent to that of a tree, though their
graphical representations differ. One may say that a term is the linear, i.e.
textual, representation of a tree. An example of a term and its corresponding
tree, together with a demonstration of some tree terminology, is given in
Figure 1.8.

g

a f

c

a

a a

n

n1 n2

n21

n211

n22 n23

(a) (b)

Figure 1.8: (a) Tree representation of the term g[a, f [c[a], a, a]]. The root, g, has
two subtrees, the first is a and the second is f [c[a], a, a]. The children of g are a

and f . The four occurances of a are leaves. (b) Shows the node labeling of the
positions in tree (a). E.g. n23 denotes the node encountered after walking the path
from n to n2 to n23.

TΣ denotes the set of all possible trees/terms over3 Σ. More formally, the
term t is in TΣ if and only if:

i. t consists solely of the symbol σ and σ ∈ Σ(0) or

ii. t is of the form σ[t1, . . . , tk] where σ ∈ Σ(k), k ≥ 1 and t1, . . . , tk ∈ TΣ.

3“Over” meaning “constructed of symbols from”
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A subset, possibly infinite, of TΣ is called a tree language.
The smallest term in TΣex1 would be the single symbol a of rank zero,

where a is both root and leaf. On the other hand, it is also possible to
construct an arbitrarily large term over Σex1 which would still be in TΣex1 .
E.g. consider a term with root symbol b. It has one child, another b. This
child in turn has another b as child, this would be the grandchild of the first
b. This recursion may continue indefinitely, creating a very large term of the
form b[b[b[. . .]]]. The recursion is stopped when a symbol of rank zero is used
as child instead of b.

The height of a tree, height(t), is the number of nodes encountered on
the longest path from the root to a leaf. It is recursively defined as

i. 1 if t = σ where σ ∈ Σ(0).

ii. 1+max{height(t1), . . . , height(tk)} if t = σ[t1, . . . , tk] where t1, . . . , tk ∈
TΣ, k ≥ 1 and σ ∈ Σ(k).

Furthermore, the yield of a tree, yield(t), is the string created by concate-
nating the symbol names of each leaf in t from left to right. Formally, the
string is defined as

i. f if t = f (0) where f (0) ∈ Σ(0).

ii. yield(t1) . . .yield(tk) if t = σ[t1, . . . , tk] where t1, . . . , tk ∈ TΣ, k ≥ 1
and σ ∈ Σ(k).

E.g. the height and yield of the tree in Figure 1.10 (b) is 4 and aabbabb,
respectively.

Trees and terms which are solely composed of symbols of rank zero or
one are monadic. I.e. each node in a monadic tree has only one child, except
for the single leaf, which has none. E.g. b[b[b[a]]] is a monadic term.

Another useful notation is TΣ(S), where S is a set of trees. It can be seen
as an extension of TΣ. TΣ(S) denotes all trees t over Σ where t may also have
subtrees from S. E.g. if Sex1 = {i, k[i], j[i, k[i])} then three examples of trees
in TΣex1(Sex1) are shown in Figure 1.9 on the following page.

Let X be a ranked alphabet containing variables. A variable is always
of rank zero and is never used as an ordinary symbol, i.e. X ∩ Σ = ∅. In
this text the symbols xi, where i ∈ N+, are used as variables, and therefore
X = {x

(0)
1 , x

(0)
2 , . . .}. X[n] denotes the finite set {x

(0)
1 , . . . , x

(0)
n }. Furthermore,
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f

c

a

a a

f

k

i

a k

i

g

k

i

j

i k

i

Figure 1.9: Three examples of trees in the set TΣex1(Sex1), where Σex1 and Sex1

are defined as in the text.

let the set of parameters, defined similarly as variables, be denoted by Y =
{y

(0)
1 , y

(0)
2 , . . .} and where Y[n] = {y

(0)
1 , . . . , y

(0)
n }.

A substitution replaces the variables and parameters in a tree with new
subtrees. If t ∈ TΣ(X[m] ∪ Y[n]) and s1, . . . , sn+m ∈ TΣ then the substitution
of every xi ∈ X[m] in t with si and every yi ∈ Y[n] in t with sm+i is written as

t[[s1/x1, . . . , sm/xm, sm+1/y1, . . . , sm+n/yn]].

Formally, this substitution is inductively defined as

i. si if t = z, where si/z is the substitution and z ∈ X[m] ∪ Y[n].

ii. σ[t′1, . . . , t
′
k] if t = σ[t1, . . . , tk] for some σ ∈ Σ(k) and t1, . . . , tk ∈

TΣ(X[m] ∪ Y[n]), where t′i = ti[[s1/x1, . . . , sm/xm, sm+1/y1, . . . , sm+n/yn]]
for all i ∈ {1, . . . , k}.

If only variables are used in t, i.e. t ∈ TΣ(X[m]), there is no need to explicitly
specify which variable is to be substituted by which subtree, instead this in-
formation is given implicitly by the order the subtrees are listed by. The nota-
tion t[[s1, . . . , sn]] is therefore used as an abbreviation for t[[s1/x1, . . . , sn/xn]].
Figure 1.10 shows a substitution example.

1.2 Treebag

Treebag (Tree Based Generator) is a software for experimenting with the-
oretical models from formal language theory, such as tree grammars, tree
transducers and algebras. Treebag is described in [Dre98] and is written
in Java.
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f

c

x1

x3 g

x1 x2

f

c

a

f

a b c

b

g

a g

b b

(a) (b)

Figure 1.10: (a) shows the example tree t ∈ TΣ(X) and (b) shows the result of the
substitution t[[a, g[b, b], f [a, b, c[b]]]].

The set up of an experiment consists of linking one or more Treebag-
nodes on a worksheet. The Treebag-nodes are linked with edges. An edge
can exist between two nodes, a source node and a destination node, and
provides a unidirectional data stream between them. The output of the
source node becomes the input of the destination node.

Each Treebag-node is an instance of a component. A component is a
Java-class representing a particular formal model. There exists components
for e.g. tree grammars and top-down tree transducers. An instance of a
component is created with an object file which specifies how the component
should behave. The syntax in the object files are deliberately chosen to be
similar to the formal definition of the respective component. This results
in an easy conversion from examples found in articles to a working object
file in Treebag. In the case of a tree transducer, the object file and the
component would act as specification language and computation paradigm
respectively.

There exists four types of components in Treebag:

Generators construct trees according to grammars. Their output are the
generated trees. E.g. regular tree grammars are implemented as a gen-
erator component in Treebag.

Tree transducers requires an input tree, which is translated into an output
tree. Typically, the output from a generator or another tree transducer
serves as input for a tree transducer component. E.g. the top-down
tree transducer is implemented as a tree transducer component.
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Algebras which usually interpret trees as something other than trees. Alge-
bras take input from generators and tree transducers. E.g. the collage-
algebra is an algebra component where the nodes of the input tree are
interpreted as operations constructing geometric objects. The output
of the free-term algebra is identical to its input, i.e. it performs the
identity interpretation.

Displays show the output of an algebra component and provide user con-
trols for e.g. zooming. Examples of display components in Treebag

are the tree display which displays trees and the collage display which
draws two dimensional geometric objects.

An experiment in Treebag is shown in Figure 1.11.

1.3 Purpose of Thesis

The purpose of this thesis is to describe an implementation of the macro
tree transducer as a component in the Treebag-system. Since an imple-
mentation of the top-down tree transducer already exists in Treebag, the
thesis begins by describing both tree transducers in Chapter 2. Chapter 2
also motivates the the need for a macro tree transducer implementation.
The implementation is described in Chapter 3 and shown with examples in
Chapter 4.
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(b)

(a)

(c) (d) (e)

Figure 1.11: Example of a Treebag experiment. (a) shows the worksheet with
nodes and edges. (b) user interfaces for the tree grammar node (upper window)
and the macro tree transducer node (lower window). (c), the output of the tree
grammar, is given as input for the macro tree transducer which, in turn, outputs
(d). The collage algebra interprets the output of the macro tree transducer, shown
in image (e).





Chapter 2

Tree Transducers

As mentioned in Chapter 1, tree transducers are formal models of syntax-
directed semantics. Intuitively, a tree transducer works as a tree translator
– an input tree over the ranked alphabet Σ is transformed by the tree trans-
ducer into an output tree over the ranked alphabet Σ′. Mathematically, a
tree transducer can be described as a function f(t) = T where t ∈ TΣ and T
is a set of trees such that T ⊆ TΣ′ . In a deterministic tree transducer, the
cardinality of T is either zero or one for all trees t ∈ TΣ. A tree transducer
is non-deterministic if T contains more than one element for any t ∈ TΣ.

Although the purpose of this thesis is to describe the macro tree trans-
ducer implementation, this section also describes the theory behind the top-
down tree transducer implementation, in order to:

• later in the chapter make it easier to understand the more complex
macro tree transducer and

• in more detail point out the limitations of the top-down tree transducer
and why a macro tree transducer implementation is needed.

The top-down tree transducer is described in Section 2.1. Section 2.2
describes some limitations of top-down tree transducers and how they can
be improved. The macro tree transducer is defined and described in Sec-
tion 2.3. Section 2.3 also shows how the macro tree transducer overcomes
the limitations of the top-down tree transducer.

13
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2.1 Top-Down Tree Transducers

As the name suggests, a top-down tree transducer transforms input trees to
output trees in a top-down fashion, starting with the root and working down
to the leaves. This tree transducer was introduced in [Rou70] and [Tha70].

The specification for a top-down tree transducer, td transducer for short,
consists of four finite sets and a symbol. Formally, a top-down tree transducer
named T is specified as follows:

T = (Σ, Σ′, Q, R, q0)

where

• Σ and Σ′ are the finite ranked alphabets for input and output trees
respectively. The only valid input to the td transducer T are trees in
TΣ and T will only generate output trees in TΣ′.

• Q is the set of states. All elements in Q are symbols of rank one and
may neither occur in input nor output trees, hence Q∩(Σ∪Σ′) = ∅must
always hold. States are special symbols which occur only in sentential
trees. A sentential tree t is a modified input tree which has not yet
become a finished output tree. Sentential trees are never used outside
the tree transducer and the following holds for all sentential trees t:
t ∈ TΣ∪Q∪Σ′, t /∈ TΣ and t /∈ TΣ′ .

• R denotes the set of rules. Rules specify how trees can be transformed.
Rules for td transducers are explained in detail under Section 2.1.1.

• q0 is the initial state and indicates in which state the translation process
shall begin. In td transducers, the initial state is therefore appended
above the root. E.g. if g[a, b[a]] is the input tree, then the initial state,
q0, is appended above g so that q0[g[a, b[a]]] is the tree to be processed.

2.1.1 Rules and Derivation Steps

Let T be a td transducer (Σ, Σ′, Q, R, q0). Then the rule set, R, contains a
finite number of rules. Each rule consists of two trees, referred to as the left
hand side, lhs for short, and right hand side, rhs for short. Rules are of the
form:
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lhs→ rhs.

The left hand side contains information on what kind of subtree the rule
can be applied at. The root of the lhs will always be a state, hence rules can
only be applied at subtrees rooted at states. Since all states in a td transducer
are of rank one, the root will have only one child: an input symbol.

A right hand side describes what the lhs is replaced with after the rule
has been applied. The structure of the lhs and rhs of rules in R must follow
a general form, formally written as

q[σ[x1, . . . , xm]]→ t′[[q1[xi1 ], . . . , qn[xin ]]] (2.1)

where q, q1, . . . , qn ∈ Q, σ ∈ Σ(m), t′ ∈ TΣ′(X[n]) and i1, . . . , in ∈ {1, ..., m}.
Let t ∈ TΣ be the input tree to the top-down tree transducer T. To

process an input tree t into an output tree t′, a sequence of rules are applied,
i.e. a sequence of derivation steps are performed.

[Dre05] defines a derivation step as a transformation from tree s into tree
s′. The transformation is denoted by s ⇒ s′ and can be performed if and
only if there exists a rule r ∈ R, defined identically as in Equation 2.1, and

s = s0[[q[σ[t1, . . . , tm]]]] and s′ = s0[[σ
′[q1[ti1 ], . . . , qn[tin ]]]]

where s0 ∈ TΣ∪Q∪Σ′(X1), t1, . . . , tm ∈ TΣ and all other definitions are identical
to those in Equation 2.1.

An example of how a derivation step transforms a tree is given in Fig-
ure 2.1. Another result of a derivation step is that the height of the input is
decreased by one while the height of the output may be increased by some
constant k. This result tells us that the translation process will eventually
run out of input symbols, height zero, and therefore terminate.

To state some final terminology, t0 ⇒
n tn denotes a sequence of n consecu-

tive derivation steps and t⇒∗ s denotes an unspecified number of consecutive
derivation steps. A (q, σ)-rule is a rule which left hand side has q ∈ Q as
root and σ ∈ Σ as its child.

2.1.2 A Top-Down Tree Transducer Example

This example is based on an example from [Rou70] on how td transducers
can be used for symbolic differentiation.
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g

a q1

f

a b

a

c

a

⇒

g

a g

q3

a

c

a q2

c

a

Figure 2.1: Let the td transducer T have Σex1, defined on page 5, as both input
and output alphabet and let the set of states Q = {q1, q2, q3}. Then this figure
shows how the rule q1[f [x1, x2, x3]]→ g[q3[x1], c[a, q2[x3]]] is applied at a tree.

Let the td transducer Tex1 = (Σ, Σ′, Q, R, dx) where Σ = { ·(2), +(2),
sin(1), cos(1), p(0)}, Σ′ = { ·(2), +(2), sin(1), cos(1), p(0), p′(0), −(1)}, Q = { dx,
i} and R contains the rules

dx[+[x1, x2]] → +[dx[x1], dx[x2]]
dx[·[x1, x2]] → +[·[dx[x1], i[x2]], ·[i[x1], dx[x2]]],
dx[sin[x1]] → ·[dx[x1], cos[i[x1]]],
dx[cos[x1]] → ·[dx[x1],−[sin[i[x1]]]],

dx[p] → p′,
i[+[x1, x2]] → +[i[x1], i[x2]],
i[·[x1, x2]] → ·[i[x1], i[x2]],
i[sin[x1]] → sin[i[x1]],
i[cos[x1]] → cos[i[x1]],

i[p] → p

where p denotes a polynomial of the variable x. Then derivation steps to
differentiate the input tree ·[·[p, p], sin[p]] is shown in Figure 2.2.
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Figure 2.2: The top-down tree transducer Tex1 performing symbolic differentiation
of the expression dx(p2 ·sin p) = 2·p′ ·p·sin p+p′ ·p2 ·cos p. Note that the derivation
steps are made in parallel.
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2.2 Compositions with Top-Down Tree Trans-

ducers

In a complex translation, it is possible to divide the translation into smaller
parts. This might be desirable for abstraction purposes, making it easier to
e.g. test separate parts of the translation. Each part is translated by a sepa-
rate tree transducer. When e.g. the testing, is complete, the abstraction is no
longer necessary. For some classes of translations, it is possible to, mechan-
ically, compose the translation performed by several tree transducers into a
single tree transducer, still performing the same translation. The result, a
single, complex, tree transducer instead of several smaller tree transducers
might be desirable with regard to memory and computing resources1. [FV98]

When processing a tree sequentially by two td transducers, it is sometimes
possible to compose them into a single td transducer. However, not all td
transducers are composable, details on this subject are not covered here, but
conditions for when td transducer composition is possible2 and an algorithm
for composing them is given in [Dre05].

2.2.1 Bottom-Up Tree Automata

The bottom-up tree automaton, bu automaton for short, processes an input
tree starting with the leaves and up to the root and outputs a single symbol.
A bu automaton B is a quadruple

B = (Σ, Q, Qa, R).

Σ, a finite raked alphabet, is the input alphabet and all input trees to B must
be in TΣ. All states of the bu automaton are of rank zero and are in the set
Q. Qa, a subset of Q, is the set of accepting states. The set R contains rules
of the form

σ[q1, . . . , qk]→ q (2.2)

where σ ∈ Σ(k) and q, q1, . . . , qk ∈ Q. Derivation steps are made in a similar
fashion as in tree transducers. The derivation step t⇒ s may be performed
if t = s0[[σ[q1, . . . , qk]]] and s = s0[[q]] where s0 ∈ TΣ and σ, q, q1, . . . , qk are

1Since e.g. no intermediate trees need to be created in the chain of tree transducers.
2Possible in the sense that the resulting composition will also be a td transducer.
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defined as in Equation 2.2. An input tree t is accepted by B if t ⇒∗ q for
some q ∈ Qa. Otherwise, t is rejected. Thus the bu automaton generalizes
the finite automaton to trees. As a more informal description, the reader
may familiarize her-/himself with the bu automata by following the example
below.

Let Bex1 = ({f (2), a(0), b(0), c(0)}, {q
(0)
y , q

(0)
n }, {q

(0)
y }, R) where R contains

the rules

a → qy

b → qn

c → qn

f [qn, qn] → qn

f [qn, qy] → qn

f [qy, qn] → qn

f [qy, qy] → qy.

Then Figure 2.3 shows how an example input tree is processed by Bex1.
Obviously, Bex1 accepts exactly T{f(2),a(0)}.

f

f

a a

f

a a

⇒4

f

f

qy qy

f

qy qy

⇒2 f

qy qy

⇒ qy

Figure 2.3: Bex1 processes the input tree f [f [a, a], f [a, a]]

In general, the tree language which a bu automaton B defines is the set
of trees T ⊆ TΣ accepted by B. A regular tree language L is a tree language
where there exists a bu automaton, or an equivalent construction, which
accepts precisely L.

More detailed definitions together with instructions on how the bu au-
tomata can be extended to a bottom-up tree transducer3 can found in [Tha73,
CDG+02].

3A bottom-up tree transducer works similarly as a bottom-up tree automaton but
outputs a tree instead of just accepting or rejecting the input.
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2.2.2 Regular Look-Ahead

Imagine the translation outputting

• The single symbol a, if the input tree contains only leaves with the
symbol a.

• Nothing (undefined result), if the input tree contains a leaf without the
symbol a, e.g. b or c.

Assume we want to implement this transformation by means of a td trans-
ducer and let this td transducer inspect the tree f [f [a, a], f [a, a]] to determine
whether or not, according to the translation above, to generate the symbol a.
A state, e.g. q would be appended above the root yielding q[f [f [a, a], f [a, a]]].
Considering the general form of td transducer rules, see Equation 2.1 for de-
tails, the td transducer is left with two options:

i. Delete one of the subtrees, f [a, a], while continuing to inspect the other.
This approach is clearly undesirable as it makes it impossible to check
whether the deleted subtree contains b’s or c’s.

ii. Inspect both subtrees simultaneously by generating a state above each.
Since states in td transducers are of rank one, this cannot be accom-
plished without generating an output symbol above the states4, e.g.
like h[q[f [a, a]], q[f [a, a]]]. Since the root of the output tree must be a,
this approach cannot be used.

Hence, the translation above cannot be realized by a td transducer. How-
ever, [Eng77] offers remedy, a construction of a top-down tree transducers
with regular look-ahead, capable of the translation above.

A top-down tree transducer with regular look-ahead, tdR transducer for
short, is a td transducer combined with a deterministic bu automaton. The
tdR transducer is a six tuple TR = (Σ, Σ′, Q, R, q0, B) where Σ, Σ′ and q0 are
as in a td transducer. B is a bu automaton (Σ, Q, Qa, Rb). The rules in R
are extended td transducer rules and have the form

< lhs→ rhs, D >

where D is the new extension.

4This is once again due to the general form of td transducer rules.
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The set D contains a subset of the states used in B and determines
whether or not that specific rule may be applied at subtree t. The rule
may be applied at t if B outputs a symbol q ∈ D when given t as input.

E.g. let the top-down tree transducer with regular look-ahead TR
ex1 = (Σ,

Σ′, Q, R, q0, Bex1) where Σ = {f (2), a(0), b(0), c(0)}, Σ′ = {a(0)}, Q = {q0} and
R contains the rules

< q0[f [x1, x2]] → a, {qy} >,
< q0[a] → a, {qy} > .

On the input f [f [a, a], f [a, a]], TR
ex1 will perform the single derivation step

f [f [a, a], f [a, a]]⇒ a since Bex1 outputs qy on that input tree. TR
ex1 will not

give any output on the input f [f [b, a], f [a, a]] since Bex1 will output qn and
therefore there is no appropriate rule which the tdR transducer can apply.

In an efficient implementation of a tdR transducer, the result from the bu
automaton can be directly saved in the nodes of the input tree. As a result,
the bu automaton will only need to be run a single time, before the top-down
phase. The top-down phase then uses the precalculated values, stored locally
in the nodes, to determine which rules can be applied.

2.2.3 Composition with the YIELD Algebra

Recall the translation introduced in Chapter 1, expressions using multipli-
cation and addition translated into expressions using only addition. More
specifically, imagine the translation of the tree shown in Figure 2.4. For a
td transducer there is no way to carry copies of the subtree n2 to the leaves
of the subtree rooted at n1. A remedy for this problem would be to have
states with parameters. E.g. when the tree transducer process the node n1,
the state appended above it would have a parameter containing a copy of the
entire n2 subtree. When the tree transducer eventually processes the leaves
n111, n112 and n12 it replaces them with a copy of the parameter.

The YIELD algebra [Mai74], YIELD for short5, is an algebra which copies
subtrees, e.g. as in Figure 2.4 (b). Given an input tree t containing variables,
YIELD will substitute the variables for copies of subtrees from inside t. There
exists three types of special symbols (we use a notation similar to [Dre01])
which are used as operators in YIELD

• Variables, z
(0)
i , which have their regular role in the substitution.

5YIELD is not to be confused with the yield of a tree.



22 TREE TRANSDUCERS

·

+

+

1 1

1

+

1 1

n

n1

n11

n111 n112

n12

n2

n21 n22

(a) (b)

Figure 2.4: (a) and (b) are the same tree. (a) displays the symbols and (b) the
node names. Furthermore, the dashed lines in (b) indicate how the subtree rooted
at n2 can be copied into node n111, n112 and n12 by a tree transducer to translate
the tree into one without the ·-operator. In the new tree, n is removed and n1 is
the new root.

• Substitution symbols, subst(k), of different ranks where subst[t, t1, . . . , tk−1]
denotes the substitution t[[t1/z1, . . . , tk−1/zk−1]].

• Function symbols, p(0), associated with a name f and an integer n.
YIELD replaces the function symbol with the tree f [z1, . . . , zn]

E.g. let the td transducer Tex2 = (Σ, Σ′, Q, R, q0) where Σ = {·(2), +(2), 1(0)},

Σ′ = {+(2), 1(0), subst(2), z
(0)
1 }, Q = {q, q0} and R contains the rules

q0[·[x1, x2]] → subst[q[x1], q0[x2]],
q0[+[x1, x2]] → +[q0[x1], q0[x2]],

q0[1] → 1,
q[+[x1, x2]] → +[q[x1], q[x2]],

q[1] → z1,
q[·[x1, x2]] → subst[q[x1], q[x2]].

Then a composition of Tex2 and a YIELD algebra can be used to translate
the arithmetic expression of the tree in Figure 2.4. For details regarding this
translation, see Figure 2.5.

2.3 Macro Tree Transducers

The macro tree transducer, mt transducer for short, can roughly be seen as a
combination of the top-down tree transducer with the YIELD algebra which
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+
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+
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(a) (b) (c)

Figure 2.5: (a) shows the output generated by Tex2 on the input tree from Fig-
ure 2.4 (a). (b) shows how YIELD replaces three leaves with copies of a subtree.
(c) displays the output of the YIELD algebra after receiving (a) as input.

results in a more powerful model of computation. It has been shown in [EV85]
that all translations performed by a deterministic macro tree transducer can
also be realized by a composition of a deterministic top-down tree transducer
with a YIELD algebra, and vice versa. Macro tree transducers were first
mentioned in [Eng80] and later, more formally defined in [EV85].

The mt transducer named M is written as a five-tuple

M = (Σ, Σ′, Q, R, q0)

where

• Σ and Σ′ are the finite ranked input and output alphabets respectively.

• Q is a finite ranked alphabet of states. In a mt transducer states may
have ranks greater than one.

• R denotes a finite set of rules. The mt transducer rules are described
in Section 2.3.1.

• q0, the initial state, must be of rank one and works like the initial state
of a td transducer.

2.3.1 Rules and Derivation Steps

Like td transducer rules, the macro tree transducer rules consists of a lhs
and a rhs and works in a similar fashion. I.e. in a derivation step, the lhs
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and rhs describes the pre and post-image, respectively, of the processed tree.
Contrary to td transducer rules, the rhs may have

• Nested states, i.e. in a rhs and therefore also in a sentential tree, mul-
tiple state symbols may be encountered on a path from the root to a
leaf.

• Parameters, yi, to implicitly pass along data in the translation process.
Technically, parameters resemble variables but have lesser restrictions
on in which context they may appear6.

The general form of mt transducer rules is

q[σ[x1, . . . , xm], y1, . . . , yn]→ t (2.3)

where q ∈ Q(n+1), σ ∈ Σ(m) and t ∈ T , where the set T is recursively defined
as

i. yi ∈ T for all yi ∈ Y[n].

ii. δ[t1, . . . , tl] ∈ T for all δ ∈ Σ′(l) and t1, . . . , tl ∈ T .

iii. q′[xi, t1, . . . , tl] ∈ T for all q′ ∈ Q(l+1), xi ∈ X[m] and t1, . . . , tl ∈ T . The
special case Q = Q(1) defines td transducer rules.

The formal definition of a derivation step in a mt transducer extends that
of a td transducer to the more general type of rules. A derivation step
transforming the tree s into s′, denoted by s ⇒ s′, exists if there is a rule
r ∈ R defined identically as in Equation 2.3 and

s = s0[[q[σ[s1, . . . , sm], sm+1, . . . , sm+n]]],
s′ = s0[[t[[s1/x1, . . . , sm/xm, sm+1/y1, . . . , sm+n/yn]]]],

where s0 ∈ TΣ∪Q∪Σ′(X1) and s1, . . . , sm+n ∈ TΣ∪Q∪Σ′ .
Depending on its set of rules, the macro tree transducer M is said to be

• linear if for every rule r ∈ R, every variable, xi, occurs at most once
in the rhs. If the same applies for the parameters, yi, it is parameter
linear.

6There exists a tree transducer, named attributed tree transducer, which passes along
data/parameters in an explicit way in attributes. Attributes are of different data types
than trees, e.g. integers or strings [Fül81].
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• deleting if for some rule r ∈ R, a variable, xi, in the lhs does not occur
in the rhs. If a parameter, yi, in the lhs of a rule does not occur in the
rhs, that rule is parameter deleting.

• total if for every pair q ∈ Q, σ ∈ Σ there exists at least one (q, σ)-rule
in R, where the meaning of the term “(q, σ)-rule” is defined as in the
case of td transducers.

• deterministic if there exists at most one (q, σ)-rule in R for each pair
q ∈ Q, σ ∈ Σ. If more than one such rule exists for a pair, the mt
transducer is non-deterministic.

2.3.2 A Simple Example

This section shows how a mt transducer can be used to realize the translation
introduced earlier. Translation of expressions containing both multiplication
and addition to expressions of only addition.

Let the linear, non-deleting and non-parameter deleting, total, deter-
ministic, mt transducer Mex1 = (Σ, Σ′, Q, R, q0) where Σ = {+(2), ·(2), 1(0)},

Σ′ = {+(2), 1(0)}, Q = {q(2), q
(1)
0 } and R contains the rules

q0[·[x1, x2]] → q[x1, q0[x2]],
q0[+[x1, x2]] → +[q0[x1], q0[x2]],

q0[1] → 1,
q[+[x1, x2], y1] → +[q[x1, y1], q[x2, y1]],

q[1, y1] → y1,
q[·[x1, x2], y1] → q[x1, q[x2, y1]].

Then Figure 2.6 shows how Mex1 translates the tree from Figure 2.4.(a) into
a multiplication-free tree.

2.3.3 IO, OI and Unrestricted Derivation Modes

As mentioned in Section 2.3.1 and displayed in Figure 2.6, nested states
may occur in sentential trees. In trees with nested states the question of
precedence arises: At which state should a derivation step be performed
first? In deterministic mt transducers, the order in which derivation steps
are performed does not matter, the results will be identical regardless of
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Figure 2.6: Derivation steps conducted by a mt transducer to translate multipli-
cation into addition.

order. The reader may convince him-/herself of this by experimenting with
the previous, deterministic, example in Section 2.3.2.

However, the case is different for non-deterministic mt transducers. A
non-deterministic mt transducer may yield different sets of results depend-
ing on the order which the nested states are processed. In [EV85] three
alternatives are given for how to determine the order in which nested states
are processed.

• Innermost-Outermost (IO for short), the states are processed from the
bottom up. E.g. in the second tree of Figure 2.6 the two q0-states would
be processed before the q-state.

• Outermost-Innermost (OI for short), is the opposite of IO, the top-
most states are processed first. With OI, q is processed before any of
the q0 in the second tree of Figure 2.6.

• Unrestricted (Unr for short), no particular order is used, derivation
steps can be taken in any order.
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A derivation step taken in IO, OI or Unr mode is denoted by⇒IO, ⇒OI and
⇒Unr respectively.

Consider the non-deterministic mt transducer M which can generate sev-
eral different output trees on the single input tree t. Now consider t as a
subtree in a larger tree and t is copied before it has been processed (OI).
Then the copies of t may result in nonidentical subtrees once they have been
processed. However, if t is copied after it has been processed (IO), all copies
of t will be identical. Let the set of translations realized by the mt trans-
ducer M in IO, OI and Unr-mode be denoted by τIO(M), τOI(M) and τUnr(M)
respectively.

To illustrate this with a short example, let Mex2 = ({f (1), a(0)}, {h(2), b(0),
c(0)}, {q(1), p(2)}, R, q) where R contains the rules

q[f [x1]] → p[x1, q[x1]],
p[a, y1] → h[y1, y1],

q[a] → b,
q[a] → c.

Then the translations realized by Mex2 on the input term f [a] are

f [a] ⇒∗
IO {h[b, b], h[c, c]},

f [a] ⇒∗
OI {h[b, b], h[b, c], h[c, b], h[c, c]},

f [a] ⇒∗
Unr {h[b, b], h[b, c], h[c, b], h[c, c]},

In this example, b and c are the non-deterministic subtrees being identically
copied in IO but not in OI or Unr mode. Furthermore, the translations
realized by IO in this example is a subset of those realized by OI. The OI
and Unr result sets equal each other. It has actually been given as a corollary
in [EV85] that this also holds in general. Thus for a given mt transducer M

τIO(M) ⊆ τOI(M) = τUnr(M).

τOI(M) = τUnr(M) is particularly interesting, since it tells us that OI deriva-
tions are as expressive as Unr derivations. Therefore, Unr derivations does
not need to be considered further.

2.3.4 Non-Determinism and Dead Ends

Let us consider the non-deterministic mt transducer Mex3 = ({f (2), a(0), b(0)},

{h(2), a(0), b(0)}, {q(1), q
(2)
0 , q

(2)
1 }, R, q) where R contains the rules



28 TREE TRANSDUCERS

(3.1) q0[b, y1] → a,
(3.2) q1[a, y1] → a,
(3.3) q[b] → b,
(3.4) q[a] → b,
(3.5) q[f [x1, x2]] → q0[x1, q[x2]],
(3.6) q[f [x1, x2]] → q0[x2, q[x1]],
(3.7) q[f [x1, x2]] → q1[x1, q[x2]],
(3.8) q[f [x1, x2]] → q1[x2, q[x1]],
(3.9) q[f [x1, x2]] → h[q[x2], q[x1]].

On the input term f [f [a, b], b], Mex3 could conduct the following derivation
steps

q[f [f [a, b], b]]⇒IO q1[b, q[f [a, b]]]⇒IO q1[b, q0[b, q[a]]]⇒IO

q1[b, q0[b, b]]⇒IO q1[b, a]⇒IO λ

The second last term, q1[b, a], is still in sentential form, but no further deriva-
tion steps can be applied. The derivation is stuck in a dead end and produces
an undefined output, denoted by λ. However, if another sequence of deriva-
tion steps had been chosen, the derivation would have been successful, e.g.
the derivation sequence

q[f [f [a, b], b]]⇒IO h[q[b], q[f [a, b]]]⇒2
IO h[b, q0[b, q[a]]]⇒2

IO h[b, a].

For non-deterministic mt transducer with an input tree where some, but
not all, derivation sequences lead to a dead end, there exists an algorithm
which avoids sequences leading to dead ends. The algorithm is a type of
regular look-ahead. Before any derivation steps are performed, each node in
the tree is processed bottom-up. The algorithm stores information in each
node on which states can safely be appended above it. This information is
later used by the mt transducer to avoid rules which appends states leading
to dead ends. The algorithm to avoid dead ends in IO and OI derivations
differs slightly. In fact, the algorithm for IO mode is a special case of the one
for OI and they are described in Section 2.3.5 and Section 2.3.6, respectively.
Implementations of both algorithms are described in Chapter 3.
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2.3.5 Avoiding Dead Ends in IO Derivations

Consider a mt transducer M = (Σ, Σ′, Q, R, q0) and an input tree t = σ[t1, . . . , tl]
where σ ∈ Σ(l) and t1, . . . , tl ∈ TΣ. Let the boolean value Γ(q, t) where q ∈ Q
be true, T , if there exists a derivation sequence q[t, . . .]⇒∗

IO s where s ∈ TΣ′ ,
or false, F , if no such derivation sequence exists. The parameters of q can,
without risk of ending up in a dead end, be disregarded (denoted by using
. . .) since we are assuming IO derivations, i.e. the parameters have already
been evaluated. If Γ(q, t) = T then q[t, . . .] is referred to as safe and there
exists a derivation sequence which leads to a terminal tree.

Set Γ(q, σ[t1, . . . , tl]) = T if there exists a (q, σ)-rule in R with rhs r where
OKIO(r[[t1, . . . , tl]]) = T . For the tree s ∈ TΣ∪Q∪Σ′, OKIO(s) is recursively
calculated as

i. If s ∈ Y[n] then OKIO(s) = T .

ii. If s = δ(k)[s1, . . . , sk] where δ ∈ Σ′(k) and s1, . . . , sk ∈ TΣ∪Q∪Σ′ then
OKIO(s) = OKIO(s1) ∧ . . . ∧ OKIO(sk). In the special case k = 0,
OKIO(s) = T .

iii. If s = q′[xi, s1, . . . , sk] where q′ ∈ Q(k+1) and xi ∈ X[l] then OKIO(s) =
Γ(q′, ti) ∧ OKIO(s1) ∧ . . . ∧ OKIO(sk).

An efficient implementation only needs to calculate the information Γ once,
before the mt transducer phase. Similarly as described for bu automata in
Section 2.2.1.

The information Γ is then used to perform derivation steps which are
guaranteed to lead to a terminal tree. A (q, σ)-rule from R with rhs r is safe
to apply at the (sub)tree q[σ[t1, . . . , tk], . . .] if and only if OKIO(r).

Continuing on the previous example, Mex3 with the input f [f [a, b], b], the
calculated information Γ is shown in Figure 2.7. This information is then
used in the derivation steps, as shown below:

q[f [f [a, b], b]] Safe rules: (3.6),(3.9)
⇒ h[q[b], q[f [a, b]]] Safe rules: (3.3)
⇒ h[b, q[f [a, b]]] Safe rules: (3.6),(3.7),(3.9)
⇒ h[b, h[q[b], q[a]]] Safe rules: (3.3)
⇒ h[b, h[b, q[a]]] Safe rules: (3.4)
⇒ h[b, h[b, a]]
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f

f

a b

b

Γ(q, a) = T
Γ(q0, a) = F
Γ(q1, a) = T

Γ(q, b) = T
Γ(q0, b) = T
Γ(q1, b) = F

Γ(q, f [a, b]) = T
Γ(q0, f [a, b]) = F
Γ(q1, f [a, b]) = F

Γ(q, f [f [a, b], b]) = T
Γ(q0, f [f [a, b], b]) = F
Γ(q1, f [f [a, b], b]) = F

(a) (b)

Figure 2.7: (a) shows the input tree to the mt transducer Mex3. (b) shows the
calculated information Γ for the tree in (a).

2.3.6 Avoiding Dead Ends in OI Derivations

Consider the non-deterministic mt transducer Mex4 = ({f (2), a(0), b(0)}, {f (2),

c(0), d(0), e(0)}, {q
(1)
0 , p(3)}, R, q0) (loosely based on an example from [EV85]),

where R contains the rules

(4.1) q0[a] → c,
(4.2) q0[a] → d,
(4.3) q0[a] → e,
(4.4) q0[f [x1, x2]] → p[x1, c, q0[x2]],
(4.5) q0[f [x1, x2]] → p[x1, q0[x1], e],
(4.6) p[a, y1, y2] → f [y1, y2],
(4.7) p[a, y1, y2] → f [y1, c],
(4.8) p[b, y1, y2] → f [c, y2],
(4.9) p[f [x1, x2], y1, y2] → f [p[x1, y1, y2], p[x2, y1, y2]].

Derivations with Mex4 in OI mode may end up in dead ends, similarly as
described in the previous section. E.g. consider the derivation sequence

q0[f [a, b]]⇒OI p[a, c, q0[b]]⇒OI f [c, q0[b]]⇒OI λ.

Hence, dead end detection is also necessary in OI mode. However, consider
the following derivation sequence

q0[f [a, b]]⇒OI p[a, c, q0[b]]⇒OI f [c, c].

The first derivation step creates the subterm q0[b] which cannot reach a termi-
nal state, it is unsafe. Since the second derivation step deletes that subterm
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before it has been processed a terminal tree is nevertheless reached. Hence,
the dead end detection algorithm for OI derivations must pay attention to
parameter deleting rules which allows for some unsafe subtrees in sentential
trees.

Given the mt transducer M = (Σ, Σ′, Q, R, q0), let ΓOI(q, t), where q ∈
Q(n+1), t = σ[t1, . . . , tl], σ ∈ Σ and t1, . . . , tl ∈ TΣ, denote a set of strings.
Each string b ∈ ΓOI(q, t) is of the form b = b1 . . . bn ∈ {T ,F}n. For each
string b1 . . . bn ∈ ΓOI(q, t) there exists a derivation sequence q[t, y1, . . . , yn]⇒∗

OI

s, where s is a terminal tree and for each bi = F the parameter yi is deleted
before it is processed. On the other hand, for each bi = T the parameter yi

must be safe, since it will not be deleted before it has been processed. In the
special case where q is of rank one, Γ(q, t) equals {λ} if q[t] is safe7 or ∅ if it
is not.

ΓOI(q, t) contains the string b = b1 . . . bn if there exists a (q, σ)-rule in
R with rhs r where OKOI(r[[b1/y1, . . . , bn/yn]]). For the tree s, the value of
OKOI(s) is recursively calculated as

i. If s ∈ {T ,F} then OKOI(s) = s.

ii. If s = δ[s1, . . . , sk] where δ ∈ Σ′(k) then OKOI(s) = OKOI(s1) ∧ . . . ∧
OKOI(sk). In the special case k = 0, OKOI(s) = T .

iii. If s = q′[xi, s
′
1, . . . , s

′
k] where q′ ∈ Q(k+1) and xi ∈ X[l] then

OKOI(s)
≡

∃b′1 . . . b′k ∈ Γ(q′, ti)) : (¬b′1 ∨ OKOI(s
′
1)) ∧ . . . ∧ (¬b′k ∨ OKOI(s

′
k)).
(2.4)

I.e. OKOI(s) = T if there exists a string b′ = b′1 . . . b′n ∈ Γ(q′, ti))
where ¬b′j ∨ OKOI(s

′
j) holds for each j ∈ {1, . . . , k}. If k = 0 and

ΓOI(q
′, ti) = {λ} then OKOI(s) = T .

In the special case Q = Q(1), the algorithm above is equivalent to the dead-
end detection algorithm for td transducers. A second special case, where
all parameters of a state must be safe8, yields the algorithm used for IO
derivations.

7Zero of zero parameters are safe.
8Γ(q(n+1), t) = {T }n
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As in the IO version, the calculated information Γ is then used in order
to avoid derivation steps leading to dead-ends. Let each node with a symbol
q ∈ Q(n+1) in a sentential tree contain a string b = b1 . . . bn ∈ {T ,F}n

denoting which of its subtrees are safe. The initial state node, of rank one,
contains the string b = λ.

At the subtree q[σ[t1, . . . , tk], s1, . . . , sn] where q ∈ Q(n+1), σ ∈ Σ(k),
t1, . . . , tk ∈ TΣ and s1, . . . , sn ∈ TΣ∪Q∪Σ′ the rule q[σ[x1, . . . , xk], y1, . . . , yn]→
r may be applied if OKOI(r[[b1/y1, . . . , bn/yn]]). Similarly as in the IO case, an
efficient implementation need only compute the information Γ once, before
any derivation step is performed, and store it locally in each respective node.

After the rule has been applied, yielding the resulting tree t′. For all
newly created subtrees of the form q′[s′0, . . . , s

′
i] where q ∈ Q(i+1), create the

string b′ = b′1 . . . b′i where b′j = OKOI(s
′
j) where j ∈ {1, . . . , i} and store b′ in

the respective node of q′.

As a more intuitive explanation, one can say that Γ contains the static
information telling us for each subtree t and each state q which combination
of parameters t′1, . . . , t

′
k must be safe in order to make q[t, t′1, . . . , t

′
k] safe.

The strings stored in the states during execution time provide the dynamic
information telling us which parameters actually are safe in the given situ-
ation. E.g. consider the input term f [b, f [a, b]] to Mex4. Figure 2.8 shows
the calculated information Γ of the tree. A safe derivation sequence, which
considers the information from Figure 2.8, is shown in Figure 2.9.

There exists an optimization which reduces the number of strings in Γ.
First let us define the partial order ≤ for the strings considered in this section
as

b1, . . . , bk ≤ c1, . . . , ck

if for every bi that is true, ci is also true, where i ∈ {1, . . . , k}. E.g. T F ≤ T T
and T T ≤ T T but FT � T F . The careful reader might have noticed that
for any string c ∈ ΓOI(q

′, ti) which satisfies OKOI(s) in Equation 2.4 all
strings b ∈ ΓOI(q

′, ti), such that b ≤ c, will also satisfy OKOI(s). Hence,
the algorithm for dead end detection does not need to include any string
c if there already exists a b ≤ c in Γ. An efficient implementation should
therefore test “smaller” strings first when generating Γ, i.e. FF . . .F is the
first string to be tested. Intuitively, the optimization can be explained as
disregarding all larger (“safer”) strings if the algorithm has already proven a
smaller (“less safe”) string to be large enough (“safe enough”). E.g. for Γ in
Figure 2.8 (b), the sets {T T , T F} and {T T ,FT } can, without altering the
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result of the algorithm, be reduced to {T F} and {FT }, respectively.

f

b f

a b

ΓOI(q0, a) = {λ}
ΓOI(p, a) = {T T , T F}

ΓOI(q0, b) = ∅
ΓOI(p, b) = {T T ,FT }

ΓOI(q0, f [a, b]) = {λ}
ΓOI(p, f [a, b]) = {T T }

ΓOI(q0, f [b, f [a, b]]) = {λ}
ΓOI(p, f [b, f [a, b]]) = {T T }

(a) (b)

Figure 2.8: (a) the input to Mex4. (b) the calculated information Γ, strings indi-
cating which subtrees of the corresponding state can be deleted (F).

q
b = λ

f

b f

a b

⇒

p
b = FT

b q0

b = ∅

b

e ⇒
f

c e

Figure 2.9: In the first derivation step, rule (4.4) and (4.5) are safe. The second
derivation step has only one safe rule to choose from, rule (4.8).

2.3.7 Regular Look-Ahead

Recall the translation described in Section 2.2.2: Output a single a if and
only if all leaves in the input are of the symbol a. To demonstrate that mt
transducers have the ability to simulate regular look-ahead (shown in general
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in [EV85] for both the IO and OI case), let Mex5 = (Σ, Σ′, Q, R, q0) where

Σ = {f (2), a(0), b(0)}, Σ = {a(0)}, Q = {q
(1)
0 , q(2)} and R contains the rules

q0[f [x1, x2]] → q[x1, q0[x2]],
q0[a] → a,

q[f [x1, x2], y1] → q[x1, q[x2, y1]],
q[a, y1] → y1

Then the following derivation steps show how Mex5 processes the input term
f [f [a, a], f [a, a]]:

q0[f [f [a, a], f [a, a]]]⇒ q[f [a, a], q0[f [a, a]]]⇒ q[f [a, a], q[a, q0[a]]]⇒
q[f [a, a], q[a, a]]⇒ q[f [a, a], a]⇒ q[a, q[a, a]]⇒ q[a, a]⇒ a.

On an input term containing a b, Mex5 will not generate any output. E.g. on
the input f [f [a, a], b], Mex5 performs the following derivation steps:

q0[f [f [a, a], b]]⇒ q[f [a, a], q0[b]]⇒ λ.

In the above derivation, a dead-end was encountered at the subtree q0[b] and
the tree transducer gives an undefined output.



Chapter 3

Implementation

This chapter describes the macro tree transducer implementation, a Tree-

bag-component written in Java and named mtTransducer. When possible
and appropriate, code and ideas from the already existing td transducer
component, tdTransducer, have been modified or extended to fit the mt-

Transducer. The chapter begins with Section 3.1 which, in retrospect to
Chapter 2, sums up the necessary requirements for an implementation of the
mt transducer. Section 3.2 and Section 3.3 describe the general design of the
component and the API1 through which it communicates with the Treebag

system, respectively. The user interface of the component is demonstrated
in Section 3.4.

3.1 Requirements

From a user’s point of view, a number of soft and hard requirements on the
mtTransducer component can be identified. The component should

• Use an object file syntax which resembles both the syntax used in
other Treebag components2 and the mathematical notation used in
the literature on macro tree transducers. A similar syntax among com-
ponents allow users to more easily start using the mtTransducer and a
similarity to the mathematical notation simplifies the process of using
examples from articles in journals.

1Application Programming Interface
2In particular the td transducer component.

35
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• Have the ability to switch between derivations made in IO and OI
mode.

• Detect and avoid dead-ends in derivation sequences, using the algo-
rithms described in Section 2.3.5 and Section 2.3.6.

• Allow the user to follow the derivation sequence of an input tree with
commands such as single step and parallel step. A single step applies
a rule at a state in the tree, that state is found by a post-order tree
traversal in IO and a pre-order tree traversal in OI. In a parallel step,
multiple states are processed simultaneously, at least from a user point
of view. Those states are the first detected state of each subtree in a
post-order and pre-order tree traversal in IO and OI, respectively. E.g.
it should be possible to perform the last shown derivation in Figure 2.2
with only one parallel step command.

• Record the sequence of issued single and parallel steps and allow for
a back command. The back command rewinds the sequence of step
commands.

• Deterministic and non-deterministic mt transducers should output a
single output tree. In the non-deterministic case, where more then
one rule can be applied at a node, the mt transducer should pseudo
randomly choose one of them. The implementation should therefore
allow the user to issue a command, new random seed, which reperforms
the derivation choosing rules in a new pseudo random order.

3.2 General Design

Given the requirements from the previous section, the implementation can
be divided into three subproblems: A

• Parser, mtTransducerParser, to create an internal representation from
a description given in the Treebag object file syntax. Section 3.5
describes the parser.

• Computation tree, mtComputationTree, which transforms the input to
an output tree. It also records user commands such as single-/parallel
step and back, in order to always output the desired result. This data
structure is described in detail in Section 3.6.
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• Wrapper class, mtTransducer, for the parser and the computation
tree. This class interfaces with the rest of the Treebag-system via
the Treebag Component API, described in Section 3.3.

Figure 3.1 show the general design of the mt transducer implementation and
how the three subproblems above are interconnected.

3.2.1 Basic Data Types

In Treebag ranked symbols are represented by the Java class symbol which
contains two variables, a string and an integer for its name and rank, respec-
tively.

The class finiteSignature3 contains instances of the class symbol. A
finiteSignature can be indexed, e.g. like the Java Vector, and supports
some basic set operations, e.g. contains, ∈. In the mt transducer component,
instances of finiteSignature store the sets Σ, Σ′ and Q which are parsed
from the object file by the parser.

Treebag uses the class term for its internal tree representation. Each
instance of term symbolizes a node and contains a symbol and references
to its subterms. Each term contains as many subterms as the rank of its
symbol.

The rule set of the implementation, representing R, consists of a two
dimensional term array, where the rule number is one dimension and lhs/rhs
is the other.

The class extendedTerm, only used inside of the mt transducer compo-
nent, inherits term and has the ability to locally, in the respective node, store
the information Γ used by the dead-end detection algorithms.

To store the Γ in the IO, the class extendedTerm contains a BitSet4

which stores which nodes may safely be appended above the respective node.
If an index i of the BitSet maps to true, it means that the symbol at in-
dex i in the finiteSignature representing Q, is safe to append above this
extendedTerm.

In OI, each extendedTerm uses an array of Vector instances instead of a
single BitSet. The array contains a vector for each rule in the rule set. The
vector at index i in node n represents the set of strings ΓOI(q, n) where q
is the symbol at index i in the finiteSignature representing the state set.

3Finite signature is synonymous with finite ranked alphabet.
4A BitSet maps a positive integer to a boolean value [Mic04].
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mtTransducer
-ioBlindDerivation: mtComputationTree
-ioDerivation: mtComputationTree
-lastArgument: term
-oiBlindDerivation: mtComputationTree
-oiDerivation: mtComputationTree

mtComputationTree
-input: extendedTerm
+back(): void
+getOutput(): extendedTerm
+parallelStep(): void
-run(currRoot:extendedTerm): extendedTerm
+setResultsOnly(): void
+setStepwise(): void
+singleStep(): void

extendedTerm
-counter: int
-result: extendedTerm
-solvableStates: BitSet
+getCurrentResultTree(): extendedTerm

term
-subterm: term[]
-top: symbol

symbol
-name: String
-rank: int

mtTransducerParser
+in: finiteSignature
+initial: symbol
+out: finiteSignature
+rule: term[][]
+states: finiteSignature
+parse(stream:ASCII_CharStream): void

«sets, terms, symbols»
TREEBAG Parser Classes

+parse(stream:ASCII_CharStream): void

REEBAGT

rulesParser

#insertRule(lhs:term,rhs:term,weight:double): void
-verifyLhs(lhs:term,vars:BitSet,pars:BitSet): void
-verifyRhs(rhs:term,vars:BitSet,pars:BitSet,): void
#verifyRule(lhs:term,rhs:term): void

trsParser

#insertRule(lhs:term,rhs:term,weight:double): void
+rules(): void

treeTransducer

+allowExit(): void
+apply(input:term): term
+commands(): list
+currentTerm(): term
+execute(command:String): void
+parse(stream:ASCII_CharStream): void

Figure 3.1: Schematic diagram of the classes in the mt transducer component.
White classes are part of the mt transducer component and grey classes are part
of the standard Treebag-system. mtTransducer interfaces with Treebag and
forwards data streams to and from the parser and the computation tree. The
mtTransducerParser takes advantage of a number of already existing Treebag-
parsers, parsers used for e.g. symbols, terms and ranked alphabets. mtCompu-

tationTree uses the class extendedTerm to internally represent trees. The ex-

tendedTerm inherits the class term, which in turn contains a symbol.
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Each element in the Vector at that index is a BitSet instance representing
a specific string in ΓOI(q, n). Section 3.6.1 describes how this information is
generated.

The component uses the class Random, available through the Java 2 API [Mic04],
for random number generation.

3.3 Treebag Component API

As shown in Figure 3.1, the mtTransducer handles the communication be-
tween the component and the Treebag-system. A tree transducer compo-
nent in Treebag is created by letting the component wrapper class, in this
case mtTransducer, inherit the class treeTransducer. Similarly, any im-
plementations of the other three component types discussed in Section 1.2,
generators, algebras and displays inherits the classes treeGrammar, algebra
and display, respectively.

The class mtTransducer inherits a number of abstract methods from
treeTransducer to implement. When these methods are called by Tree-

bag, data is transferred, via the arguments of the methods, to the com-
ponent. Data in the other direction, from the component to Treebag, is
transferred via the return values of these methods. This bidirectional flow of
data works as the Treebag Component API, through which all communi-
cations between the component and Treebag are made. Furthermore, the
Treebag Component API provides the components with a GUI5 for e.g.
computation control and result displays.

More specifically the inherited methods from treeTransducer are

void parse(ASCII CharStream stream) — When a new mtTransducer com-
ponent is placed on the worksheet, it is initialized by parsing a text file
representing a mt transducer definition.

term apply(term t) — This method is called when there is a new input
tree available on the inbound link of the component node. The method
has one argument, t, the new input tree. Treebag anticipates the
return value to be the resulting output tree.

list commands() — Each component on the worksheet has its own menu,
e.g. as shown in Figure 1.11.(b) on page 11. A menu contains a number

5Graphical User Interface



40 IMPLEMENTATION

of command items. The return value of commands is basically a list of
strings which Treebag will display as command items in the menu of
the component. E.g. if “single step” is one of the returned strings, then
the mt transducer menu will display that string as a command item.
Since the available commands may change, commands is always called
after a call to apply or execute (see below).

void execute(String command) — Called when the user has executed the
command item (pushed a button) corresponding to the argument command.

term currentTerm() — Returns the current output tree. This method is
therefore called when the Treebag system expects an updated output,
e.g. after a call to execute, or a new edge has been established whose
source is this component.

void allowExit() — When Treebag calls a method to provide a new
input tree or to execute a command, it creates a thread where the
method is executed. A call to allowExit terminates that thread if
there is a new input tree available, if not, the thread continues to
execute. The method allowExit can therefore be called from inside
of the component, e.g. in a time consuming loop, allowing for a quick
reaction to new user actions.

3.4 User Interface

In this section, the implementation is described from a user conceptual level.
I.e. how the GUI reacts to user actions. As a start, the mtTransducer com-
ponent is added to a worksheet in the same manner as any other component.
That is, either via a worksheet specification file or from the “Component”
menu in Treebag, see [Dre01] for instructions.

Similarly as other components, Treebag provides a menu for the mt-

Transducer. The menu is displayed as a rectangular box containing several
buttons. Figure 3.2.(a) shows the mt transducer menu in its initial mode.
For each string in the returned list from the method commands, described in
Section 3.3, Treebag creates a button labeled with that string. When the
user pushes a button, Treebag calls the method execute of the component
with the label of the button as argument. This allows the component to
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interact with the user. From the menu of the mt transducer, the user can
order the actions

(a) (b)

Figure 3.2: The component in its initial mode, occurs after e.g. a new input. (a)
displays the menu and (b) an example output of the component.

• Switch derivation mode from IO to OI and vice versa. On a switch of
derivation modes, the entire tree is recomputed in the new mode. I.e.
in a derivation sequence all derivation steps must be performed in the
same mode.

• Choose between complete and stepwise derivations. Complete deriva-
tions directly outputs the final output tree, e.g. see Figure 3.2 (b).
From the menu in Figure 3.2 (a), the user can chose to make step-
wise derivations (“derive stepwise”). With stepwise derivations, each
derivation step is shown in a sequence, e.g. as in Figure 3.3 (b) and
the menu displays three more actions, see Figure 3.3 (a). These three
actions allow the user to navigate through the sequence of derivations
steps in

– single step, which displays the next sentential tree in the derivation
sequence.

– parallel step, which displays the sentential tree corresponding to
the previous tree where a parallel step was performed.

– back, cancels the previous step command.
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• Make safe or blind derivations, where the latter makes derivations with-
out bothering about dead-end detection. The user can observe deriva-
tion sequences leading to dead-ends if stepwise derivations are made
in blind mode. The safe/blind choice is only available for non-total
non-deterministic mt transducers.

• Chose a new random seed in non-deterministic mt transducers. A new
mtComputationTree with a different random seed for the random num-
ber generator is created and used by the mtTransducer. This results
in a possibly new output tree.

(a) (b)

Figure 3.3: Shows the component performing stepwise derivations. The menu (a)
has new menu items and (b) displays a sentential tree. If “single step” is pressed
in (a), the leftmost qin will be processed. But if “parallel step” is pressed then all
four states will be processed simultaneously. The command “back” returns to the
sentential tree previously displayed by the component.

The three bottommost commands in the component menu act as in all
other Treebag components. Edit opens the object file of the component
in a text editor. Reload reinitializes the component with its object file and
delete removes the component from the worksheet.



OBJECT FILE PARSER 43

3.5 Object File Parser

The object file parser combines several old Treebag classes to parse ob-
ject files. Three of these classes are symbolParser, finiteSignature and
termParser which parses symbols, finite ranked alphabets and terms, re-
spectively. Additionally nameParser parses the initial state, q0.

The only modified parser is the rulesParser which basically uses term-
Parser to parse the lhs and rhs of the rule. A rule is inserted into the mt
transducer rule set with the method insertRule. The rule is only inserted
into the rule set if a call to verifyRule proves successful6. The method
verifyRule uses verifyLhs and verifyRhs to confirm that the respective
rule comply with the general form of mt transducer rules, shown in Equa-
tion 2.3.

In mtTransducerParser, the parsers above are combined to parse a
mt transducer definition following the syntax given in Figure 3.4. Besides
the slightly more complex rule syntax, there are only trivial differences be-
tween mtTransducerParser and tdTransducerParser The parsers are cre-
ated with the Java Compiler Compiler, a tool for generating parsers to be
used in Java programs.

3.6 Computation Tree

The computation tree class, mtComputationTree, is the most complex part
of the implementation. Each instance of mtComputationTree is initiated
with an input tree and a derivation mode, IO or OI. The computation tree
calculates Γ, depending on whether the mode is IO or OI, as described in
Section 3.6.1. With respect to this information, it performs a sequence of
derivation steps until an output tree is reached, see Section 3.6.3 for details.
The user may then, as previously described in Section 3.4, view the final
output tree or navigate through the derivation sequence with the step com-
mands. Section 3.6.2 and Section 3.6.3 motivates and describes the imple-
mented mechanism for performing derivation steps and navigating through
them.

6Otherwise the user is prompted with an error message stating the specific syntactic
error
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< component > ::= generators.mtTransducer[(< name >)] :< instance >
< instance > ::= (< input >, < output >, < states >, < rules >,

< initial state >)[, performance]
< states > ::= {< symbol+ > (, < symbol+ > )∗}
< input > ::= {< symbol > (, < symbol > )∗}

< output > ::= {< symbol > (, < symbol > )∗}
< initial state > ::= < symbol+ >

< rules > ::= {< rule > (, < rule > )∗}
< rule > ::= < tree > -> < tree >
< tree > ::= < symbol >

| < symbol > [< symbol > (, < symbol > )∗]
< symbol > ::= < name >:< nat >

< symbol+ > ::= < name >:< nat+ >

Figure 3.4: Object file syntax of the mt transducer component expressed as a gram-
mar, using the same notation as [Dre98]. Strings inside < and > are non-terminals
which are expanded to the string in rhs. < name > denotes any alphanumeric
string. < nat > and < nat+ > denotes any integer in N0 and N+, respectively. The
option performance is explained in Section 3.6.3. See Appendix A for examples.
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3.6.1 Algorithms for Dead-End Detection

To avoid dead-ends in IO derivations, the algorithm from Section 2.3.5 is
implemented in the computation tree. This section describes how Γ is com-
puted in the IO case and Section 3.6.3 describes how the implementation
uses the generated information to avoid dead-ends.

The implemented algorithm is shown as pseudo code in Figure 3.5. For
OI derivations, a different algorithm is used, described in Section 2.3.6 and
shown as pseudo code in Figure 3.7.

Procedure calcIOGamma(node n)1

/* n.symbol is of rank k and child[0], . . . , child[k − 1] denote its2

children */
if n is a leaf then3

/* All rules can be applied */4

foreach (q, n.symbol)-rule in R do5

ΓIO(q, n)← true6

else7

foreach child of n do8

/* ΓIO is generated bottom-up */9

calcIOGamma(child)10

foreach (q, n.symbol)-rule in R with rhs r do11

if OK IO(r[[child[0], . . . , child[k − 1]]]) then12

ΓIO(q, n) ← true13

Figure 3.5: Pseudo code describing how the ΓIO information is generated.
The recursive procedure calcIOGamma receives the root of an input tree
and calculates the ΓIO information of the nodes bottom up. Pseudo code
for the procedure OK IO is given in Figure 3.6.

3.6.2 Computation Tree Approaches

To allow for user commands such as single/parallel steps and back, two
(naive) implementation approaches come to mind
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Function OK IO (node n) returns boolean1

/* child[0] denotes the leftmost child of n */2

if n.symbol /∈ Q then3

foreach child of n do4

if !OK IO (child) then5

return false6

else if ΓIO(n.symbol, child[0]) then7

/* Check each parameter */8

foreach child of n except child[0] do9

if !OK IO (child) then10

return false11

return true12

else13

return false14

Figure 3.6: OK IO is a pseudo code implementation of OKIO from Sec-
tion 2.3.5.
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Procedure calcOIGamma(node n)1

/* n.symbol is of rank k and child[0], . . . , child[k − 1] denotes its2

children */
foreach child of n do3

calcOIGamma(child)4

foreach (q, n.symbol)-rule in R with rhs r do5

/* Where q ∈ Q(n+1) */6

foreach b = b1 . . . bn ∈ {T ,F}n do7

if OK OI(r[[child[0], . . . , child[k − 1]]], b) then8

ΓOI(q, n)← ΓOI(q, n) ∪ {b}9

Figure 3.7: Generates Γ in the OI case. Similarily as for the IO case, the
algorithm processes the input tree bottom up and stores the generated
Γ locally in each respective node. Pseudo code for OKOI is found in
Figure 3.8.

• Perform the derivation sequence and save a copy of each sentential tree
in a list. In results only mode, the last tree in the list is displayed for
the user. Then in stepwise derivations, the user can navigate through
the list with step and back commands. This approach will however be
inefficient with respect to memory space and problematic in parallel
steps. There is no way for the component to know which sequence of
commands the user will use. A solution where each possible sentential
tree, with respect to possible sequences of single or parallel steps, is
calculated and stored would be even more inefficient with respect to
both time and space.

• A second approach is to keep a single internal tree, which is first pro-
cessed into an output tree. During this initial derivation, each deriva-
tion step pushes a reference to the node, where the derivation step was
performed, onto a stack. Such nodes, where a rule was applied, con-
tains a variable which identifies which specific rule that was applied at
this node. With this information the output tree can be reversed into
a previous sentential tree by performing a reversed derivation step, i.e.
rhs → lhs. In a switch to stepwise derivations all derivation steps are
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Function OK OI (node n, BitSet b) returns boolean1

/* n.symbol is of rank k and child[0], . . . , child[k − 1] denotes its2

children */
if n.symbol is a parameter yi then3

return b[i]4

else if n.symbol /∈ Q then5

foreach child of n do6

if !OK OI ( child, b) then7

return false8

return true9

else10

foreach b′ = b′
1 . . .b′

l ∈ ΓOI(n.symbol, child[0]) do11

boolean okRhs ← true12

for j ← 1 to l do13

if b′
j == true and !OK OI (n.child[j], b) then14

okRhs ← false15

if okRhs then16

return true17

return false18

Figure 3.8: Pseudo code implementation of OKOI from Section 2.3.6.
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reversed, yielding the first sentential tree. For each step command, a
set7 containing references to all nodes which were processed is pushed
onto a stack. When a back command is issued, a set is popped from
the stack and the elements in it are used for the necessary backward
derivation steps. However in backwards derivations where deleting mt
transducer rules have been used, the component would need to store
deleted subtrees, so that they could be properly restored in the re-
versed derivation step. Similarly, a problem also occurs in backwards
derivations when the tree transducers would have to remember which
rule was applied in future states8. To solve this, one would essentially
have to store (sub) trees of future sentential trees, resulting in a greater
space complexity, actually similar to the one in the first approach. An-
other, greater problem, occurs when the user switches from results only
to stepwise mode, and vice versa. Each time such a switch is made,
the current internal tree is reversed into the desired sentential tree,
or output tree. In the worst case the entire tree must be reversed or
reprocessed, clearly an undesirable property.

The tdTransducer component uses a more efficient approach. Given the
input tree t, a copy of t is processed into the output tree t′. In each node n
in t′ where a rule has been applied, a reference initial exists. The reference
initial was saved during the derivation step which created the output node
n and it links to a tree s which is a subtree in t. The tree s is the tree which
produced the tree rooted at n. I.e. initial represents the tree rooted at n
before it was processed, so the component can either display the processed
tree, node n, or the unprocessed tree, the reference initial.

The td transducer component equips all nodes n with an integer variable
c, used as a counter. For complete derivations, the counter is ignored and the
tree t′ is displayed. I.e. the node n is displayed instead of the one referenced by
initial. In stepwise derivations, the component displays tree t′ as output,
and at a node n with a counter larger or equal to zero, n is displayed, just
as in results only derivations. But if the counter c = −1, it outputs the tree
linked to by the reference initial instead of the node n itself. This allows
the component to increase the counter above −1 where the processed output
is supposed to be shown and keep it at −1 where it is not supposed to be
shown. I.e. single/parallel step and back is implemented by increasing and

7For single step, this set would only contain one element.
8Recall that a derivation step may produce new nodes containing state symbols.
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decreasing the counters of the nodes, respectively. E.g. in a step, a breadth
first search is made in t′ and and the following actions are taken at node n
with counter c

• If c > −1, increase c by one and continue with the subtrees of n.

• If c = −1, set c to zero and ignore the subtrees of n. If this is a single
step, then at most one node with a counter c = −1 is processed.

Figure 3.9 explains the general idea of the td transducer computation tree.
Without some modifications, this approach can however not be used for the
mt transducer component. E.g. consider IO derivations with a sentential
tree ts containing nested states. Since nodes deeper in the tree ts would
then be processed before nodes above it, the counter values of the deeper
nodes would also become greater than those above it. This would result in
a computation tree where the counters of the nodes are not monotonically
decreasing with increasing depth. Hence the computation tree would need
to cover such scenarios and the tdTransducer computation tree can not be
used in the mt transducer without some modifications.

The approach used in the mt transducer implementation is a combination
of the two informal approaches and the one used in tdTransducer. It is
described in detail in the following section.

3.6.3 The Implemented Approach

The general idea of the approach used in the mtTransducer is to save copies
of future subtrees at nodes with state symbols. Let s be a subtree in the input
tree t. Node n is the root of s and n contains a state symbol. When a rule
is applied at n, the component leaves s unmodified and generates the result
tree s′. The reference result in n refers to the generated tree s′. This allows
the component to either show the tree before it was processed, s, or after,
s′. In future derivation steps, the tree referred to by result is processed,
i.e. used as input in the derivations. Similarly as in the td transducer, each
node in the mtTransducer contains a counter c which is used for stepwise
derivations. When c ≥ 0, the tree referred to by result, s′, is displayed and
otherwise the node and its subtrees, s, are shown.

Since saving each pair of unprocessed and processed subtrees, s and s′, is
memory demanding, there exists a performance option, see Figure 3.4, which
disables the computation tree from saving the unprocessed subtree, i.e. s is
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(a) (b) (c) (d)

Figure 3.9: General computation tree idea for td transducers. (a) represents the
input tree t and (b) the generated output tree t′. The shades of grey in (b) represent
the counter values of the nodes in that area of the tree. The lighter and darker
grey represents the counter values 0 and 1, respectively, while white represents
nodes with a c = −1. The arrow from (b) to (a) represents the reference initial

of one node in t′ referencing to an unprocessed subtree. (c) and (d) represents
(a) and (b), respectively, after a parallel step has been applied to t′. The counter
values of the nodes in the greyed areas are now 2 in the topmost, 1 in the middle
and 0 in the bottommost greyed area. If a back command is issued at (c)/(d) then
(a)/(b) would be the result.

deleted. Consequently, the computation tree with the performance option
enabled can not be used for navigating9 through the derivation sequence,
but less memory is consumed allowing for larger inputs to be processed.

The computation tree processes its input tree10 to an output tree in either
IO or OI mode. Pseudo code for the algorithm, processing the input tree is
shown in Figure 3.10. Essentially the implementation makes a depth first
search through the tree in a search for nodes with state symbols. In IO,
the subtrees of a node are processed before the node itself and in OI the
node is processed before its subtrees, see line five and sixteen, respectively,
in Figure 3.10.

When run finds a node where a rule may be applied, a call is made to the
method applyRuleAt with the respective node as argument, see Figure 3.11.
The method applyRuleAt returns the generated tree and run stores it in the
result reference of the node. The run method continues the derivation by
recursively calling itself with the new result variable as parameter, see line
nine and fourteen in Figure 3.10.

9The final output tree is of course still available.
10Where the input tree has already had Γ calculated and stored, as described in Sec-

tion 3.6.1
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Procedure run(extendedTerm n)1

if n is a leaf then2

return3

else if IO-mode then4

foreach child of n do5

run(child)6

if n.symbol ∈ Q then7

if performance then8

n← applyRuleAt(n)9

run(n)10

else11

n.result ← applyRuleAt(n)12

run(n.result)13

else14

/* OI-mode */15

if n.symbol∈ Q then16

if performance then17

n← applyRuleAt(n)18

run(n)19

else20

n.result ← applyRuleAt(n)21

run(n.result)22

else23

foreach child of n do24

run(child)25

Figure 3.10: Pseudo code for how the method run performs derivation
steps in the mt transducer component.
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Function applyRuleAt(extendedTerm n) returns1

extendedTerm

extendedTerm result← getCurrentResultTree(n)2

int ruleNumber ← chooseRule(result)3

HashTable hTrees ← substituteBind(result, ruleNumber)4

result ← ruleSet[ruleNumber].rhs5

substituteReplace(result, hTrees)6

if OI-mode then7

calcNewSafeParameters(ruleSet[ruleNumber].rhs, result)8

return result9

Figure 3.11: Pseudo code explaining how a derivation step is performed.
substituteBind and substituteReplace together performs substitu-
tions on trees. substituteBind(tree, rule) returns a HashTable in which
each distinct variable and parameter found in the lhs of rule is mapped
to a copy of the appropriate subtree in tree. substituteReplace(tree,
hTable) uses the hash table from substituteBind to replace every vari-
able and parameter in tree with the copy stored in hTable, thus completing
the substitution. HashTable is a hash table datatype in the Java API,
see [Mic04] for details.
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With the help of the stored information Γ, applyRuleAt searches through
the rule set for a method which can be applied at the node. If more than one
such rule exists, the choice of rule is made pseudo randomly using the ran-
dom generator of the mtTransducer. Pseudo code explaining applyRuleAt

is shown in Figure 3.11. Here, calcNewSafeParameters calculates which
parameters of a state node are safe, using the algorithm described in Sec-
tion 2.3.6. Pseudo code for calcNewSafeParameters is given in Figure 3.12.

Function calcNewSafeParameters(term rhs, extendedTerm n)1

/* rhs is of rank k */2

/* rhs.child[0], . . . , rhs.child[k − 1] denotes the children of rhs */3

/* n.child[0], . . . , n.child[k − 1] denotes the children of n */4

/* b[0], . . . , b[k − 2] denotes the characters (boolean values) of the5

string b belonging to a node with a state symbol of rank k */
if rhs is a leaf then6

return7

else8

for i← 0 to k − 1 do9

calcNewSafeParameters(rhs.child[i], n.child[i])10

if rhs.symbol ∈ Q then11

BitSet b12

for i← 1 to k − 1 do13

if OK OI(n.child[i]) then14

b[i− 1] ← true15

n.safeParameters ← b16

Figure 3.12: calcNewSafeParameters calculates which parame-
ters/subtrees of state node n are safe and stores the results in a BitSet

b inside of n. Each index i of the BitSet b refers to a boolean value,
indicating whether or not subtree i + 1 of n is safe/true or unsafe/false.

When a step command or back is issued, the methods step and back,
respectively, are called with an argument node n, the root of the tree first
processed by run: step increases the counter c of the nodes in the tree and
back decreases them, somewhat similarly as in the tdTransducer, explained
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Function step(extendedTerm n) returns boolean1

if IO-mode then2

if n.counter≥ 0 then3

n.counter ← n.counter + 14

return step(n.result)5

else6

boolean applied ← false7

foreach childof n do8

if step(child) then9

applied ← true10

if singleStepPerformed and singleStepMode then11

return true12

else if n.result != null and !applied then13

n.counter ← n.counter+ 114

if n.counter== 0 then15

singleStepPerformed ← true16

return true17

else18

return applied19

else20

if singleStepPerformed and singleStepMode then21

return false22

else if n.result != null then23

n.counter ← n.counter + 124

if n.counter == 0 then25

singleStepPerformed ← true26

else27

step(n.result)28

return false29

else30

foreach child of n do31

step(child)32

return false33

Figure 3.13: Method which performs a single or parallel step. Before
the method is called for a single step, the booleans singleStepMode and
singleStepPerformed are set to the values true and false, respectively. The
boolean variable singleStepPerformed then prevents step from increasing
more than one negative counter per single step.
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Procedure back(extendedTerm n)1

if IO-mode then2

if n.counter ≥ 0 then3

back(n.result)4

n.counter ← n.counter - 15

if n.counter == -1 then6

back(n)7

else8

foreach child of n do9

back(child)10

else11

/* OI-mode */12

n.counter ← n.counter - 113

if n.result != null then14

back(n.result)15

else16

foreach child of n do17

back(child)18

Figure 3.14: Figure 1.14 Cancels the last step command by decreasing all
counters c ≥ 0 in the tree by one.
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above. Figure 3.13 and Figure 3.14 shows pseudo code for step and back,
respectively, which describes the algorithms in more detail.

As an example, consider the mt transducer Mex1 from Section 2.3.2 on
page 25. Let run perform the same derivation sequence on the input shown in
Figure 2.6. Then Figure 3.15 and Figure 3.16 illustrate the resulting internal
trees created by run and modified by step.
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Figure 3.15: Computation tree example representing the derivation sequence from
Figure 2.6 on page 26. The dashed lines symbolize the reference result and the
counters of the nodes represent the state achieved after two single steps and one
parallel step. The computation tree outputs the term q[+[+[1, 1], 1],+[1, 1]] in this
state.
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Figure 3.16: Represents the computation tree from Figure 3.15 after another sin-
gle step. Note that only two counters have been increased. In this state, the
computation tree outputs the term +[q[+[1, 1],+[1, 1]], q[1,+[1, 1]]].





Chapter 4

Results

This chapter starts off by showing the mt transducer component in two ex-
ample scenarios: picture generation and assembler code generation. Results
from both scenarios are shown in Section 4.1. The chapter ends with Sec-
tion 4.2, where some performance measures are given.

4.1 The Component in Example Scenarios

A Treebag generated graphical representation of a binary tree is shown in
Figure 4.1. In Treebag, the binary tree is transformed by a mt transducer
into a tree which is interpreted by a collage algebra as a graphical repre-
sentation of the binary tree. The mt transducer uses a parameter to carry
information on the width of the first subtree of a node so that the second
subtree can be drawn by the collage-algebra at a correct distance from the
first subtree.

Another interpretation of a tree as a picture, by a different mt transducer
and collage algebra, is shown in Figure 4.2. Here the mt transducer trans-
forms a monadic tree of height k into a tree with a root of rank two which
has two monadic subtrees, each of height k − 1, both followed by a symbol
of rank two with two monadic subtrees, but now of height k − 2, and so on
(the monadic subtrees of height 0 become the leaves). In this translation the
mt transducer uses parameters to keep track of the height of the monadic
subtrees. See Figure 1.11 (c) and (d) on page 11 for a small example of how
the mt transducer translates an example input tree.

A small assembler example, borrowed from [EV85], shows the mt trans-
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Figure 4.1: (a) shows a picture representing the binary tree in (b). The symbols b

and c are displayed as arches and dots, respectively.
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Figure 4.2: A picture representation of a tree over the alphabet
{g(2), d(1), e(0), c(0)}. Each intermediary node with a symbol d is represented by
a black quadrangle and each g is deleted while both its subtrees are rotated 90
degrees to each side and decreased in size. The quadrangles representing leaves
of symbol e and c are filled black and white, respectively. The root of the tree is
located at the center of the picture while the leaves appear in small quadrangles
on the outer edges.
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ducer outputting trees whose yields form computer programs. The input of
the mt transducer is a tree representing a binary number and the output
is a tree which leaves represents assembler instructions for a stack machine.
Together the instructions form a program which, when run to termination,
stores the value of the binary number in the accumulator1 of the stack ma-
chine. In the translation, the mt transducer uses a parameter to keep track of
the significance of the current node in the binary number. Figure 4.3 shows
such a binary number with the resulting assembler program.

The interested reader may have a look at Appendix A which contains
component files for the mt transducer examples of this section.

4.2 Performance

Even though performance was not the top priority of the implementation, it
might be interesting to know how the mtTransducer, with the performance
option enabled, compares to other Treebag components. This section dis-
cusses two such performance measures2.

Figure 4.4 shows the performance results in a picture generating context,
using the example translation from Figure 4.2. With the information from
Figure 4.4 we can construct a more informative graph, Figure 4.5, which
displays the relative time used by each component. From Figure 4.5 we
see that the portion of the total execution time used by the mt transducer
component decreases as the problem set increases.

As mentioned in Section 2.3, for a given total deterministic mt trans-
ducer there exists a construction of a td transducer together with a YIELD
algebra which can perform the same translation. E.g. recall the multiplica-
tion to addition example described in Section 2.3.2 for mt transducers and
Section 2.2.3 for td transducers composed with YIELD. Since both a td trans-
ducer and YIELD component already exist in Treebag, it is interesting to
compare their performance with the mt transducer component. Figure 4.6
gives performance measures on the mt transducer compared to the td trans-

1A stack machine has a single register, referred to as the accumulator.
2For all test runs, the component was compiled and executed using version 1.5.0 of

the Java Compiler and Runtime Environment (JRE), respectively. Execution time was
measured with System.nanoTime() and the JRE had a maximum limit of 800 MB of heap
space and ran on a PC running Linux with an Intel Pentium 4 HT 2.8 GHz CPU and 1024
MB RAM.
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(a)

(b)

(c)

Figure 4.3: (a) shows the tree representing the binary number 11. (b) shows the
resulting output tree of the mt transducer component and (c) the yield of that
tree.
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Figure 4.4: Execution times for a picture generating example, see Appendix A for
details. “IO” and “OI” refers to the time consumed by the mt transducer (per-
formance option enabled) in IO and OI mode, respectively. “Collage Algebra and
Display” refers to the time used by the collage algebra and display to generate the
picture from the mt transducer output. Note that the output trees of this trans-
lation are exponentially larger than the input trees and the exponential increase
of execution time is therefore expected.
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ducer composed with YIELD. At each point in Figure 4.6 we see that the
execution time of the mtTransducer in IO mode is faster then the equivalent
td transducer/YIELD construction and that the mtTransducer in OI mode
is the slowest of them all. Since OI derivations copies its subtrees before
processing them, it is not very surprising that OI derivations result in the
worst performance of the three.
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Figure 4.6: Execution times of three components performing the same translation
on 25 different input trees. The output size of the tree is not a perfect estimate
of the complexity of the translation and can explain the fluctuation of the graphs,
e.g. one could consider the amount of multiplication operators in the input tree
for a better estimate. Note that the overhead created by Treebag for moving the
intermediary tree from the td transducer to YIELD is not included.
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Summary and Conclusions

Chapter 2 motivated the need for a mt transducer component in Treebag.
The chapter also described how dead-ends could be efficiently avoided in non-
deterministic mt transducers. The same algorithm used for the td transducer
implementation could, slightly modified, be used for dead-end detection in IO
derivations for a mt transducer. For OI derivations a new dead-end detection
algorithm, somewhat more complex than the one for the IO case, was intro-
duced. The chapter also mentioned some algorithmic improvements which
can be used to improve the performance of a mt transducer implementation.

The mt transducer implementation was described in Chapter 3. The com-
ponent can be used in two different modes, standard and performance mode.
In standard mode, the user may issue commands such as single/parallel step
and back to interactively observe the mt transducer performing derivation
steps. The standard mode may be useful for testing new mt transducer def-
initions and may have an educational benefit when teaching students how
mt transducers work. However, a very space consuming computation tree
is used in standard mode to keep track of the derivation sequence. Conse-
quently, for large problem sets the computation tree will be time consuming.
Alternatively the user can, via the object files of the component, set the mt
transducer in a performance mode, disabling the mt transducer from creating
a computation tree. In performance mode the user obtains a more efficient
mt transducer component at the expense of sacrificing the possibility to use
the step and back commands. Dividing the component into those two modes
should not prove too problematic for most types of usage since any transla-
tion large enough to cause performance problems in standard mode probably
also has a too long derivation sequence for a normal user to be interested in
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observing.
Finally Chapter 4 briefly mentioned two tree translation scenarios in

Treebag where the mt transducer component was used. Chapter 4 also
showed us that the component, in performance mode, will not become the
performance bottleneck in a picture generating context. It was also shown
that the component has a performance not much different from that of an
equivalent construction of the td transducer component together with the
YIELD component. However, the mt transducer component has certain ad-
vantages. As a concept for tree transformation, mt transducers are more
intuitive and therefore easier to use. Other benefits are the possibility to
switch between the IO and OI modes and the availability of stepwise deriva-
tions.

5.1 Future Work

There are several theoretical and practical problems related to the subject of
this thesis which are interesting to study further:

• Proving the correctness of the dead end detection algorithms for IO
and OI derivations.

• Improving the component by implementing the optimization mentioned
on page 32 for OI dead end detection.

• Finding an efficient computation tree algorithm and implementing it,
thus making the performance option obsolete.

• Extending the Treebag system with a class extendedTreeTransducer
which contains more support for tree transducer implementations. E.g.
functionality for some general tree substitutions and derivation steps.
This would make it easier to implement some of the other classes of
tree transducers, e.g. attributed tree transducers and macro attributed
tree transducers [FV98], as components in Treebag.
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Appendix A

Examples

This Appendix contains three Treebag object files for initiating the mt
transducer component. The object files in Section A.1, Section A.2 and Sec-
tion A.3 are used for the example translations displayed in Figure 4.1, Fig-
ure 4.2 and Figure 4.3, respectively. Note that the object files in Section A.2
and Section A.3 are created from examples in [EV85].

A.1 Binary Tree

generators.mtTransducer("Macro Tree Transducer"):

(

{ b:2, c:0 },

{ down:1, .:2, leaf:0, l:1, sh:1, empty:0, connect:1 },

{ L:1, shift:2, line:2 },

{

L[b[x1,x2]] -> (down[(L[x1] . sh[shift[x1,L[x2]]])] . line[x1,connect[line[x2,empty]]]),

L[c] -> leaf,

shift[b[x1,x2],y1] -> sh[shift[x1,shift[x2,y1]]],

shift[c,y1] -> sh[y1],

line[b[x1,x2],y1] -> l[line[x1,line[x2,y1]]],

line[c,y1] -> l[y1]

},

L

)
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A.2 Monadic Tree

generators.mtTransducer("Macro Tree Transducer"):

(

{ f:1, a:0, b:0 },

{ g:2, d:1, e:0, c:0 },

{ p:2, qin:1},

{

qin[f[x1]] -> p[x1,qin[x1]],

qin[a] -> e,

qin[a] -> c,

p[a,y1] -> g[y1, y1],

p[b,y1] -> e,

p[f[x1],y1] -> p[x1,d[y1]]

},

qin

)

A.3 Stack Machine Assembler

generators.mtTransducer("Macro Tree Transducer"):

(

{ S:1, 0:1, 1:1, F1:0 },

{ c:2, "ADD ":0, "EXP ":0, "PUSH0 ":0, "PUSH1 ":0 },

{ qin:1, q:2 },

{

qin[S[x1]] -> q[x1,"PUSH0 "],

q[0[x1],y1] -> q[x1, c[c[y1,"PUSH1 "],"ADD "]],

q[1[x1],y1] -> c[c[c[y1,"EXP "], q[x1,c[c[y1,"PUSH1 "],"ADD "]]], "ADD "],

q[F1,y1] -> c[y1,"EXP "],

q[F1,y1] -> c[y1,"EXP "]

},

qin

)
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