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Abstract. Recursive blocked data formats and recursive blocked BLAS’s
are introduced and applied to dense linear algebra algorithms that are
typified by LAPACK. The new data formats allow for maintaining data
locality at every level of the memory hierarchy and hence providing high
performance on today’s memory tiered processors. This new data for-
mat is hybrid. It contains blocking parameters which are chosen so that
the associated submatrices of a block-partitioned A fit into level 1 cache.
The recursive part of the data format chooses a linear order of the blocks
that maintains a two-dimensional data locality of A in a one-dimensional
tiered memory structure. We argue that, out of the NB factorial choices
of ordering the NB blocks, our recursive ordering leads to one of the
best. This is because our algorithms are also recursive and will do their
computations on submatrices that follow the new recursive data struc-
ture definition. This is in analogy with the well known principle that the
data structure should be matched to the algorithm. Performance results
in support for our recursive approach are also presented.

1 Introduction

Today block-based algorithms are the standard in state-of-the-art software for
dense linear algebra computations [2]. These algorithms perform most of their
computations in calls to high-performance level 3 BLAS [3,10]. The level 3
BLAS obtain most of their performance by data rearrangements and the use
of high-performance atomic kernel routines. The current BLAS are designed to
exploit the architecture design while maintaining the functionality of the BLAS
and thereby guarantee high performance and portability of dense linear algebra
codes. The level 3 factorization algorithms typified by LAPACK make repeated
calls to the level 3 BLAS with matrix operands equal to submatrices of fixed size.
This results in multiple data copying on operands that are related. How can this
be challenged? An answer is to change the data structure of the BLAS input
matrices to reflect this relationship, thereby removing any data copying from
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the BLAS. The obvious choice is to store matrices as blocks, i.e., submatrices
of block-partioned matrices, instead of the standard column-major (Fortran) or
row-major (C) orderings.

One way is to store these blocks in block row or block column formats,
with the individual blocks stored in the conventional way. This will give an
overall performance improvement since the new BLAS codes become simpler
and perform no redundant data copying. However, since the data structure and
the algorithms will only partially match, these revised codes will not perform at
peak performance.

Recursion is a key concept for matching an algorithm and its data structure.
A recursive algorithm leads to automatic blocking which is variable and “squar-
ish” [6]. This layered and variable blocking allow for good data locality, which
makes it possible to approach peak performance on today’s memory tiered pro-
cessors. Using the current standard data layouts and applying recursive blocking
have led to faster algorithms for the Cholesky, LU and QR factorizations [6, 11,
4]. However, as we will show here even better performance can be obtained
when recursive dense linear algebra algorithms are expressed using a recursive
data structure and recursive kernels.

Before we go into any further details we outline the rest of the paper. Section
2 introduces the new recursive blocked data formats. We describe two atomic
formats for rectangular and triangular matrices, respectively, that are tailored
for recursive dense linear algebra algorithms. In Section 3 we introduce the re-
cursive blocked BLAS’s that support the recursive data formats. We use the
packed Cholesky factorization of a positive definite matrix A as a case study.
Section 4 describes our design principles for a recursive level 3 algorithm for
the general matrix multiply and add (GEMM) operation resulting in a recursion
tree with kernel routine calls at the leaves. Finally, in Section 5 we present some
performance results from our ongoing developments that strongly support our
new recursive approach.

2 Recursive Blocked Data Formats

We introduce a new set of data formats for storing block-partitioned dense ma-
trices. The set is a hybrid of two “addressing” techniques. At the block level
each submatrix is stored in the standard column-major (or row-major) order
and the size of each block is constrained so that a few of them will simulta-
neously fit in level 1 cache. Blocks stored in this fashion are operands for the
kernel routines. Next we describe the layout of the blocks in memory. To allow
for efficient utilization of a memory hierarchy, including efficient cache reuse, we
propose a novel method for storing blocks of matrices recursively. We describe
two recursive matrix formats: the rectangle and the isosceles right triangle. With
these data formats in hand we show that the performance of dense linear algebra
computations can be improved.
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2.1 Rectangular Recursive Data Format

The metrics of a matrix A of size M x N stored in ordinary column-major order
(Fortran format) include M, N and the leading dimension Ida. The latter is used
for a proper specification of a subarray of A. For block-partitioning of A we also
use two parameters specifying the block sizes, mb and nb, where 1 < mb < M
and 1 < nb < N. A block-partitioned A consists of NB = m - n blocks A;;
of size mb x nb, where m = [M/mb] and n = [N/nb]. We use the convention
that the last block row and/or block column are padded with zero elements
when M and/or N are not multiples of mb and nb. However, no computations
on these zero elements are performed. Each submatrix A;; is stored in column-
major or row-major order. Notice that padding leads to many economies in code
production, e.g., no fix-up code are required in the atomic kernels.

Now, these submatrices can be ordered in N B! different ways. We claim that
a recursive ordering is an effective ordering when performing linear algebra op-
erations on the matrix. In fact, we claim that it is better than block row or block
column ordering of the blocks. The reason for this is that a recursive blocked
format allow for maintaining the two-dimensional data locality at every level
of the one-dimensional tiered memory structure, while the block row and block
column orderings only maintain data locality at a submatrix level. Irrespective
of how the block sizes are set, the block row or block column format can only
automatically match one level of the memory hierarchy, e.g., level 1 cache.

The recursive block ordering is determined by always dividing the rectangu-
lar dimension of the submatrix that is the largest. The choice when there is a tie
leads to two formats: recursive block row (RBR): always divide the row dimen-
sion; and recursive block column (RBC): always divide the column dimension.
When dividing an odd number of rows the middle row is assigned to the block
at the bottom. For an odd number of columns, the middle one is assigned to the
block to the right. The reason is that the block to the right or at the bottom
may contain submatrices that are not entirely filled, so this strategy keeps the
difference in number of used elements between the two blocks after the splitting
to a minimum.

For illustration we consider A of size 496 x 380 and mb = nb = 100, giving
m = 5 and n = 4. Using a block column format, the blocks are mapped as in
(1) of Figure 1. The numbers 0-19 denote contiguous blocks in memory. Notice
that not all elements in submatrices 4, 9, 14-19 match elements in A, i.e., these
submatrices are padded with zero elements.

Using the RBR format for assigning contiguous blocks in memory, we first
observe that 5 = m > n = 4, so the splitting is below the second row (|m/2| =
2), assigning the block numbers 0-7 to the upper part and 8-19 to the lower.
Since the number of columns (4) is greater than the number of rows (2) in the
upper part, the next splitting is vertical, assigning block numbers 0-3 to the
left hand side part. This submatrix is now square so the row dimension is split.
The complete block assignment associated with the RBR format is displayed in
(2) of Figure 1. The procedure is similar when applying the RBC assignment of
contiguous blocks, except when splitting square submatrices, see (3). We have
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Fig. 1. The mapping of a 5 x 4 block matrix in block column order (BC), recursive
block row order (RBR), and recursive block column order (RBC).

also marked the result of the first recursive splittings for the RBR and RBC
formats, see (2) and (3).

The choice of mb and nb is crucial and closely linked to the memory hierarchy
of the target architecture. In the extreme case of mb = M,nb = N, the entire
matrix is stored in one block, which corresponds to the conventional column-
major and row-major orderings with their deficiences like bad data locality in
either the row or the column dimension. If mb = nb = 1, we apply recursive
splitting down to the single elements. This results in good data locality, but the
submatrix operations become very inefficient since the kernels will only operate
on single elements. For example, register blocking is prohibited. The best choice
of mb and nb depends on the size of the level 1 cache. One should strive for
fitting one or a few submatrices in level 1 cache. The consequence of having bad
data locality in one dimension of the submatrix does not hinder performance,
since the level 1 cache is random access. Thus, we have linear addressing in
the kernels, which simplifies loop unrolling, preloading and register blocking.
The time to calculate the address of an element is O(log M + log N). However,
this information may be stored in tables, which gives greater flexibility in the
placement of the blocks and constant time addressing.

Another benefit of the tables is that the space allocated for each block, S,
may be greater than the space required, i.e., the block addresses may be padded
so that cache coherency problems may be avoided. For example, the allocation
strategy may be to let all blocks begin at a line or page boundary.
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2.2 Triangular Recursive Data Format

Since all matrix factorizations can be expressed in terms of rectangular and
isosceles triangular matrices it is enough to consider the isosceles case. For an
isosceles right triangle of order NV, the splitting procedure resembles the rectan-
gular case. Let nb x nb be the size of the submatrices, giving a block-partitioned
triangular A consisting of n(n + 1)/2 blocks where n = [N/nb]. Now divide the
triangle into one sub-rectangle and two isosceles sub-triangles. For a lower trian-
gle, the upper left triangle is assigned block numbers 0 to |n/2]|n/2+1]/2-1,
the lower right triangle is assigned block numbers |n/2]||[n/2+1]/2+ |n/2]|[n/2]
to n(n + 1)/2 — 1, and the blocks inside the rectangle will use block numbers
In/2||n/2+1]/2t0 [n/2]|n/2+1]/2+ |n/2][n/2] — 1. The interior ordering of
the blocks in the triangles are determined by applying the algorithm recursively,
and the block ordering is either RBR or RBC as in the rectangular case. Figure
2 illustrates the triangular recursive blocked orderings for triangular matrices of
order 450, and block size nb = 100. The diagonal blocks 0, 2, 9, 12, and 14 are
stored in the conventional full format. We use full format since it is easier to
write high-performance kernel routines using this format. The blocks in the last
block row or block column are possibly padded. The zero blocks in the upper or
lower parts, respectively, are not stored, so the space overhead is linear to the
matrix order.

An 0
Azr Az E
) ~ ~ | 34]9
: . 57|10 12
Asq - A
51 55 78111314/ ppps 68111314/ .
Ay Agp - Ags 0113 5 6 01135 7
4 . 204 7 8 246 8
» ~ 910 11 ~ 910 11
) 12 13 12 13
Ass 14 (RBR) 14 (RBC)

Fig. 2. The RBR and RBC orderings associated with triangular recursive blocked data
formats. The splittings from the first recursion step are shown.

From Figure 2 we see that the RBR ordering of a symmetric matrix in lower
triangular storage format is equivalent to the RBC ordering of a symmetric
matrix in upper triangular storage format, and vice versa.
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3 Recursive Blocked BLAS’s

A main motivation for introducing the recursive blocked data format is to be able
to match the data structure with the recursive algorithm and thereby avoiding
data copying. However, this requires a new set of level 3 BLAS that support the
new recursive storage format. In the following we use the Cholesky factorization
for illustration. Here we assume that the lower triangular part of A is stored
in recursive block row (RBR) format. In Figure 3 we show the labeling of the
blocks of size 100 x 100 associated with the RBR format applied to A of size
800 x 800. Block 4,7 = 0,...,35 of size 100 x 100 starts in position 100% of the
one-dimensional array that stores A. The individual blocks can optionally be
stored in column-major or row-major order. Notice that the diagonal blocks are
stored in full format which results in a small overhead in storage compared to a
standard packed format besides possible paddings of the last block row.

w = o

2
47
56 8 9 A
10 11 14 15(26 ~ | An|As
12 13 16 17|27 28
18 19 22 23(29 30 33
| 20 21 24 25|31 32 34 35 |

Fig. 3. Recursive blocked row format of lower triangular A (N = 800, nb = 100).

The submatrices A;; in Figure 3 are associated with the first level of recursion
in the recursive blocked-Cholesky factorization algorithm (see Figure 4). We get

function [A(1: N,1: N)] = RB-Cholesky (A(1: N,1: N),n)
if n =1 then  {Leaf node; n = # diagonal blocks in A}
Cholesky factor A(1: N,1: N); {Use Cholesky kernel }

else
N1=N/2; N2=N-N1; Jl=NI1+1;
nl=n/2; n2=n-—nl; {# blocks in next recursive calls}

RB-Cholesky (A(1: N1,1: N1),nl);
Solve A(1: N1,1: N1)X = A(1: N1,J1:N); {Use RB-TRSM}
Update A(J1: N,J1:N)=A(J1:N,J1:N)— XTX; {Use RB-SYRK}
RB-Cholesky (A(J1: N, J1: N),n2)
end

Fig. 4. Recursive blocked-Cholesky algorithm.
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two branches in the recursion tree that correspond to recursive calls to the
Cholesky algorithm with the arguments A;; and Ass, respectively. In between
these calls there are calls to the level 3 BLAS routines for triangular solve of
multiple right hands sides (TRSM) and symmetric rank-k update (SYRK). These
operations are straightforwardly derived from an appropriate block-partitioning
of Aand Lin A= LL":

An1 Az Loy Ly 0 Li, Loy LT, Loy LY + Ly LY, |-

Notice that L overwrites A in algorithm RB-Cholesky. Since the two level 3
operations (TRSM and SYRK) are performed on the A;; blocks in RBR for-
mat, we also need recursive algorithms for these operations that match with the
blocked recursive data format. We use the convention to add the prefix RB- to
the name of a recursive level 3 operation or algorithm. For example, RB-TRSM
and RB-SYRK are the two recursive blocked BLAS operations explicitly called
in RB-Cholesky.

In this example we have four levels of recursion (0,1,2, and 3). Level 3
corresponds to the eight leaves of the binary tree, each calling the Cholesky
kernel to factorize one (updated) diagonal block of A in RBR format (labeled
0,2,7,9,26,28,33, and 35). All other nodes perform RB-TRSM and RB-SYRK
operations. The four nodes on level 2 work on

o] (5] (3] [5ie] ®

Similarly, the two nodes on level 1 work on

0 26
12 27 28
347 | 29 30(33 ' Q)

56|89 3132|134 35

Finally, on level 0 there is the root of the tree which is working on the A;; blocks
in Figure 3.

The recursive blocked algorithms for the RB-TRSM and RB-SYRK use the
GEMM-based approach [9,5,10] and therefore call RB-GEMM, which in turn
perform all computations at the leaves of its recursion tree by calling register-
based GEMM kernel routines with operands that fit in level 1 cache. Our recur-
sive algorithm for RB-GEMM is further discussed in the next section.

4 Recursive Blocked DGEMM

The recursive blocked DGEMM, RB-GEMM, uses a similar divide and conquer
algorithm as the RB-Cholesky algorithm (see Figure 6). However, since there
are more problem dimensions than for the Cholesky case (one, n, for Cholesky
as compared to three, m, n, and k for GEMM), the splitting of the nodes can



202

take place in one of the three dimensions (see Figure 5). By always splitting
the largest dimension, the problem is kept “squarish”, i.e., the ratio between
the number of operations made on subblocks and the number of subblocks is
maintained as high as possible. Nevertheless, the “conquer” part in GEMM is
trivial, since the addition of the results is made implicitly by the leaf kernels. The
leaf kernels used are high-performance, prefetching unrolled kernels which utilize
the linear addressing with fixed leading dimensions inherited from the block
formats. The fixed leading dimensions guarantee that there is no or only small
performance differences between different transpose arguments of the GEMM
operation (AB, AT B, ABT | AT BT). For a thorough explanation of these kernels,
see [7] and [8]. In our view the input matrices which an application (algorithm)
will use define how their submatrices will be loaded. Knowing the full algorithm
and the machine architecture allow us to choose nb so that misalignment never
or rarely occur.

[Ci1 Cha A1 Ao | | Bi1 Bz _
| C21 Co2 A1 Aso | | Ba1 B2z
Bs1 Bao

B11 By
| Ba1 Bao

_ Ci " A1 Ap | | Bia Ci2 4 A1 Ao | | Biz _
| | Oz Az1 Azz | | Bai |7 | Caz Az1 Ago | | Bao

[0 e An Ai2
= O 022] + |:A21:| [Bn 312] + |:A22:| [321 322]

[011 012] + [Au AIZ] [Bll B12]

[021 022] + [Azl Azz] [

Fig. 5. Splitting the matrix multiplication on the m, n, and k£ dimensions, respectively.

Notice that if m = n = k > 1, or two of them are equal, there is a choice
on which dimension to split. Some experimental results have shown that this
choice is not so crucial. This is due to the fact that a less than optimal ordering
of the splittings will only impair performance in one or two levels of recursion.
Further down the recursion tree, the impact of previous choices vanishes. In our
prototype implementations, we have focused on square subblocks and mostly
square matrices. When multiplying submatrices that cross block boundaries,
the case of misalignment with the data structure and the algorithm will arise.
This is a serious threat to good performance. One way to rectify this problem
is to make nb an even power of two, and adjust the algorithm thereafter. This
might not handle all cases of misalignment, but should treat the common linear
algebra operations.

Implementations have been done in Fortran 77 and in C. The implementation
in C is somewhat more readable, since the C language supports recursion, but
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by doing clear notations of the explicit stack, the Fortran 77 code is not hard to
read.

Level 3 algorithmic prefetching [7, 1] is more difficult to apply in the recursive
algorithm, since it is a non-trivial task to calculate the next set of kernel blocks
to be multiplied given the current set of blocks. We have looked at three ways to
solve this problem. One way is based on the divide-at-even-power-of-two scheme.
If we have fixed division points, it is easier to calculate the next set of blocks
by using bit arithmetics. Another way of doing prefetching is simply to also
include prefetching information (next set of blocks) in the argument list to the
RB-GEMM subroutine. A third way of doing prefetching is to in advance build
a batch list of the multiplications to be performed. Using this list, finding the
next set is trivial. The last method is used in our C implementation [8].

function [C(1: M,1: N)] = RB-GEMM (C(1: M,1: N), A(1: M,1: K),
B(1:K,1: N),m,n,k)
ifm=1andn=1and k=1then {Leaf node}
DGEMM(C(1: M,1: N),A(1: M,1: K),B(1: K,1:N)); {Call kernel routine }
else if m = max{m, n,k} then
ml=m/2; m2=m—ml; {F blocks in next recursive calls}
RB-GEMM (C(1: ml-mb,1: N), A(1:ml-mb,1: K),
B(1:K,1:N),ml,n,k) {mb is the size of submatriz blocks }
Cml -mb+1:M,1:N);,A(ml-mb+1: M,1:K),
B(1:K,1:N),m2,n,k)
else if n = max{n, k} then
nl=n/2; n2=n-—nl; {# blocks in next recursive calls}
RB-GEMM (C(1: M,1:nl-nb), A(1: M,1: K),
B(1:K,1:nl-nb),m,nl,k) {nb is the size of submatriz blocks }
RB-GEMM (C(1: M,nl-nb+1:N),A1: M,1: K),
B(1:K,nl-nb+1:N),m,n2,k)

RB-GEMM (

else
kl1=k/2; k2=Fk—kl; {# blocks in next recursive calls}
RB-GEMM (C(1: M,1: N), A(1: M,1: k1 kb),
1:k1-kb,1:N),m,n kl)  {kb is the size of submatriz blocks }
1: M,1:N),A(1: M,k1-kb+1:K),
kl1-kb+1:K,1: N),m,n,k2)

B
RB-GEMM (C
B
end
Fig. 6. The recursive blocked-GEMM algorithm. This is one of the six (3!) ways of

making splitting decisions when all or two of m,n,k are equal to the largest of these
dimensions.

Another good characteristic of the recursive algorithm is that it accommo-
dates Strassen’s algorithm in a natural way.
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5 Performance Results

We present some results from our ongoing software developments. All perfor-
mance results are obtained on an IBM SMP Node (PowerPC 604, 112 MHz),
which is a symmetric shared memory multiprocessing node with four processors.
There are two levels of cache memories for each processor. The level 1 cache (L1)
is 16 kB on-chip, and the level 2 cache (L2) is a 512 kB off-chip and non-shared
memory. The SMP node has a shared 256MB main memory.

In Figure 7 the recursive blocked Cholesky algorithm assuming recursive
blocked storage format has the label RBPPF (no copy). The similar algorithm
assuming A originally stored in packed lower triangular format is labeled RBPPF
(2 copy). In this case, the recursive algorithm is preceded and succeeded by
a copy operation between the two data storage formats. Finally, ESSL DPPF
denotes the level 3 Cholesky factorization algorithm for packed data from the
IBM ESSL library. From these preliminary results we see a great benefit in using
the recursive approach (up to 75% and 95%, respectively for large problems using
one processor on the IBM SMP Node). There is an additional performance gain
when the original data is stored in recursive blocked data format (up to 50% for
small problems and around 10% for large problems).

604 PowerPC comparison
120 T

110+ q

100

Q0

80

Mflops/s

70

—oe—  RBPPF (no copy)
S0 —+—  RBPPF (2 copy) 7
—=—  ESSL DPPF

1 1 1
200 400 600 800 1000 1200
Matrix order

Fig. 7. Performance results for recursive blocked and ESSL packed Cholesky factor-
ization algorithms.

In Figure 8 the recursive GEMM algorithm is compared to a blocked algo-
rithm where the blocks are stored in column block order, i.e., no copying between
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conventional column-major order and column block order is included. The col-
umn blocked algorithm is optimized for efficient level 1 cache utilization using
one level of blocking, 4 x 4 register blocking and prefetching techniques [8, 7]. The
uniprocessor results on the SMP High Node show that the recursive algorithm
outperforms the column blocked algorithm for matrices larger than 200 x 200. For
smaller matrices the overhead for building the recursive tree is showing up. The
main reason for the big difference in the performance results for larger problems
is that the recursive blocked data format and algorithm provide operands to the
kernel routines that are blocked for a memory hierarchy (including level 2 cache
and main memory) automatically. In order to get similar performance results for
the column blocked algorithm we would have to introduce at least another level
of blocking. Such techniques are discussed in [7], where we also present some
parallel performance results using a multithreaded recursive GEMM algorithm.

c=C+A'B using conventional and recursive blocking

140

120

100

80

Mflops/s

60—

40~

20+
—o—  Blocking by 16x16 and prefetching
—+&—  Recursive storage and blocking, with prefetching

1 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
Matrix size

Fig. 8. Performance results for a hand-tuned blocked algorithm using block column
format and the recursive GEMM algorithm.

In conclusion, the initial performance results verify the great potential of our
recursive approach for the efficient handling of today’s memory tiered processors.
Our future work will include further developments in support for the recursive
blocked data formats and BLAS’s.

This research was conducted using the resources of the High Performance
Computing Center North (HPC2N).
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