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ä åçæ^èàé�êÊë

ì l�EíHÇî�C4RTS [jEïrOH0@)BïJMLgF=X'[j`^S F&R�F&H0@ñð LjBòRK@ [K@IîKLjBíRcXôó F%[+JtîKLjBD`�r [g`
[jEïrOHÇ@)B�JMLgF [g`YS B�J�X®S1[+J\[ XiJ4@�W^î	JMWg@IROõ

ì ö RcîKWg@
XÕB�]bR ÷jEïHÇî½C4RcS [jEïrOHÇ@)B�JMLgF=XoøZU2?mù ù ú�[j`^S S1[�Ji[ û HÇ@~F�[�J�XTõ
ì ü ð0Eý]bR�XiJ�R�@ñþ�J�ðÇÿKRqF�[�J4@)B��#R��çWz[+J4BòH;`�X [g`^S�JML^R�JM@)Be[j`YruWgEÌ[K@0îTH;Wg`+JtRK@~ÿÎ[K@�J©X� B�JML [gÿgÿOE Bòî�[�JfBòH;`YXTõ
ì ö RcîKWg@
XÕB�]bR ÷jEïHÇî½C4RcS X\HuEý]bRK@
X ûÜH0@ J4@)Be[g`�ruWgE�[z@ ü ð0E ]bR�XZJtRK@ñþ�J�ðÇÿzR
F�[�JM@)B�� R���Wz[+J4BíHu`�X+õ

ì dÒF ÿjEíR�F&RK`�Ji[�JfBòH;` BíXiX	W^R�X ø)X_RK@)Be[jE¿PÔÿb[K@ [gE EíRKEÖúÕõ
ì ü HuF&R ÿzR�@�û HÇ@~F�[g`^îcR @IRcX	WgE J�X&[g`^S îcHçF ÿÎ[K@)BïX_H;`�X+õ
ì ü HuF&R @IR	ûÜRK@IR�`YîTR�X+õ
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 �
����� ù [jBG`�J\[OBD` �bþ~SçB¿F S1[�Ji[ EïHÇîY[jE B�J�ð [�J R	]^R�@ñð EïR	]^R�E�HKû%JML^R� þ|SçBDF J4BíR�@IRcS F=R½F=HÇ@ñð XiJ4@�W^î	JMWg@IROõ

� õ ����� ���������  !"�#�
�%$&�('*)�'+� ,��-���/.0�2103
ì ?ç[^îKL EïHÇHuÿ X_R	J F�[�JtîKL^R�X [ XcÿzRcîKB54uî EíRÕ]bR�E�H�û J4L^R F&R�F&H0@ñð
LOBòRK@ [K@Iî�LTð+õ

ì 6 RTR�ÿ Cz`^H � EíRcSjrOR HKû�[K@IîKLjB�JtRK@�Wg@IR î�LÎ[K@ [^î	JtRK@)BíXZJ4BíîcXo`^RcRTSjRTSÊõ
ì 7 RcRcSjX=[ ÷OEíHÇî�CÎBD`�r ÿÎ[K@ [gF&R	JtRK@ ûÜH0@ RY[Yî�L EíRÕ]bRKE õ
ì 8 � Hzþ�EíRÕ]bRKE�÷jEíHÇî�C4RcS F%[�J4@)B�� F WgE J4BDÿjE ð ø)JMWj`^RcS ûÜHÇ@:9 � [g`YS 9;�
î�[^îKL^R^úÕõ

�;õ < !=�>�? ���@��� ,��-���/.0�2103 )?��� A>'B�C!�A=DE����1
ì F 'G�C!"A"DE�H�01I� C4RÕð%îcHu`YîTR�ÿ+J�ûÜH0@ F%[+JtîKLjBD`�r [g`o[jEïrOH0@)BïJMLgF [g`^S
B�J�X�S1[+J\[ XiJ4@�W^î	JMWg@IROõ

ì ö RcîKWg@
XÕB�]bR [gE�rjH0@)BïJ4L0FqX�ó SuB�]gBíSgR [j`^S îTH;`J��W^RK@ XZJ�ð0EíROõ
ì K W�JtHuF�[�J4Bíî L ��'+AM��A@� L �H�C��� ,��-���/.0�2103 ó ]K[K@)B�[0÷OEíR [g`^SN�XO��Wz[z@)BíX	LJP õ
ì Q `jE ð J4Wg`OBD`Yr ÿÎ[z@ [0F&R	JtRK@'BïX 9 � î�[^îKL^ROõ
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\ R îY[j` XcÿOE B�J�J4L^R ÷OEíHÇî�C4RTS F�[�J4@)B�� F WjE�J4BDÿjEýð [g`YS [^SjS BD` [j`+ð HKû
JMLYR J4Lg@IRcR F�[�JM@)B�� SçBDF&RK`YXÕBòH;`YX �^] P*_ PÊ[g`YS ` õ

abbced N�N d N)ad a�N d a�a
fhggi@j abbclk N�N k N)ak a�N k a�a

fhggi abbclm N�N m N)am a�N m a�a
fhggi

n
abbbbbbbbbbc
o d N�N d N)aBp j o k N�N k N�a�p abbc m N©N m N)am a_N m a�a

f ggi
o d a�N d a�a p j o k a�N k a©a p abbc m N©N m N)am a_N m a�a

f ggi

f ggggggggggi
n abbc abbc d N�Nd a�N

f ggi/j abbc k N�N k N)ak a�N k a�a
f ggi abbc m N�Nm a�N

f ggiGq abbc d N)ad a�a
f ggi@j abbc k N�N k N)ak a�N k a�a

f ggi abbc m N�am a©a
f ggi f ggi

n abbced N�N d N)ad a�N d a�a
fhggi@j abbclk N�Nk a�N

fhggi o m N�N m N�aGp j abbcEk N�ak a©a
fhggi o m a_N m a�a�p

K E � [Àð^XmX�ÿjE BïJAJMLYR�EÌ[K@
rORcXZJ�SçBDF&RK`YXÕBòH;` � ÿÎ@IHç÷OEíR�F BíX'C4R�ÿ+JrN~XO��WÎ[K@)BíX	LJP õ
ö [�JfBòH ÷zR�J � RcRK` s t;Huÿ�XVF�[^SgRoH;` X	W0÷g÷OEíHÇî�C	X&[g`^S s X	W0÷j÷jEíHÇî�C	XVBíX
F%[OBD`�Ji[jBG`^RcS [YX LOBíruL [�X ÿzH�X\XÕB¿÷OEíROõ
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d�û ] u v [j`^S _ u v [g`^S ` u v
X\H;E ]bR ÿz@IHu÷jEïR½F WYXÕBD`�r HuÿTJ4B¿F Bxw�RcS U2?mù ù C4R�@�`YR�E¿õQ JMLYR�@ � BïX_R½P
d�û ] n y z�{}| ] q _ q ` ~4P
J � H @IRTîKWg@
XÕB�]bR î�[gEGE�X � ù ��� ù �e� q _ � n _ q ` � n ` õ

RKEïX\ROPABïû?_ n y z�{+| _ q ` ~MP
J � H @IRTîKWg@
XÕB�]bR î�[gEGE�X ��] � n ] q 7 ��� 7 �e� q ` � n ` õ

RKEïX\ROP
J � H @IRTîKWg@
XÕB�]bR î�[gEGE�X ��] � n ] q _ � n _ q n^��� n��e� õ\ LTð v � ��� QKH0@�]bRK@ñð XcF�[gEGEßÿz@IHu÷jEíR�F=XcPmJ4L^R HK]^R�@�LYRY[YS ûÜH0@�JML^R

@IRTîKWg@
XÕBòH;`�÷zRTîcHuF&R�XôJ�HÇH=R��ÞÿKRK`YXÕB�]^R�ó WYX\R � � �
�2 �H��'}� .�'+A>1"'}� õ
8 L^R X�ÿjE BïJ H0@ISgRK@)BD`Yr BíX `YH�J X\H îK@�W^îzBe[jE � L^RK` � H0@ � HKû JML^R
SçBDF&RK`YXÕBòH;`YX [z@IR R���WÎ[gE¿õ 9zRcXiX JMLÎ[g` Huÿ+JfB¿F�[gE H0@ISgRK@)BD`�r � BGEGE H;`gEýð
B¿F ÿÎ[jBG@>ÿKRK@�ûÜH0@~F%[j`^îcR BG` H;`^R H0@ J � H EíRÕ]bRKEïX®HKû JMLYR @IRcîKWg@
XÕBòH;`1õ

N��ÔH;`#�çW^RK@�P ÿÎ[K@�J BïX JM@)B ]gBe[jE � [^SgSuBïJfBòH;` HKû JMLYR @IR�X�WjE�J�X [z@IR F%[YSgR
B¿F ÿjE BíîKB�JMEýð ÷Mð JMLYR EïRY[+û C4RK@�`^RKEïXTõ

8 L^R @IRcî�Wj@
X	B ]bR JtRcî�Lj`jBx��W^R �����2�;� ���2�����������  ¡���¢�¤£¦¥ ûÜHÇ@6R	]^R�@ñð EíRÕ]bRKE
HKû�î�[^îKL^ROõ
§ ¨ éª© «ßé�¬xë­© æcë¯® °}±�²´³kè�èª±@µ¡³kè éGæ·¶/¸
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º ,�»¤'B���
�%)�'>� ù [�JtîKL6J4L^R�@IRcî�Wj@
X	B ]bR [jEïrOHÇ@)B�JMLgF � BïJML#[q@IRTîKWg@
XÕB�]bRKE ð
÷jEïHÇî½C4RcS SÇ[�J\[ ûÜH0@~F%[+J	õ

ì�K `^R � X_R	J HKû SÇ[�J\[ ûÜH0@~F%[�J©X ûÜH0@�XZJtH0@)BD`Yr ÷OEíHÇî�CÀþ´ÿÎ[z@�J4BïJfBòH;`^RcS
F�[�JM@)BíîTR�XTõ

ì ¼ ð0÷z@)BòS H�û J � H [^SjS�@IR�X\XÕBD`�r J�RTîKLg`OB½�çW^R�X+õ
ì�K J ,��-���C. �('*)�'}� R�[^îKL X	W0÷jF%[+JM@)B�� BíX XZJtH0@IRTS BD` XZJ\[g`YS1[K@IS
îcH;EGW0F ` F�[¿¾�H0@'ø�HÇ@'@IH � þ´F�[¿¾|HÇ@¤ú H0@ISgRK@�õ

ì l�EíHÇî�C XÕBxw�R îTH;`YXZJM@ [OBD`YRTS X\H JMLÎ[�J [ û R � H�û J4L^R�F 4xJ BG` 9 �
î�[^îKL^ROõ

ì l�EíHÇî�C	X [K@IR'XZJtH0@IRcS BD` J � H A>'B�C!"A"DE�%)�'  ���
AM� � À �0A> ���=D �
ö Rcî	J\[g`�ruEíR [g`^S deX\H½X\îcR�EïRcX#JM@)B�[g`�rçEïRjõ

F 'B�C!�A=DE�Á)�' ,��-���C.�'+� À �0A> ���=D [gE EíH � ûÜHÇ@�F�[jBD`+J\[OBD`jBG`Yr�JML^R�^þ|SçBDF S1[�Ji[oEíHÇî�[gE BïJ�ð [�J RÕ]bRK@ñð EíRÕ]bR�ETHKû�JMLYR � þ|SçBDF E�[ÕðTRK@IRcS F&R�F&H0@ñð
XiJ4@�W^î	JMWj@IRjõÃÂ ���"�H Ä
Å �-���/. A@�CÆ [g`YS ,��-���/. �@�0�(!� 1 �0A>�0'}A
�2103�D H;`gEýð
F%[OBD`�Ji[jBG` S1[+J\[ EíHÇî�[gE BïJ�ð [+J�[ X	W0÷gF�[�J4@)B�� EíRÕ]bRKE õ
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ì�K E � [Õð^X�XcÿOE B�JÙJML^R�E�[K@
rOR�XiJASuB¿F=R�`�X	BíHu` HKûk@IRcî�Ji[g`YruWjE�[K@gX�Wg÷gF�[�JM@)B��;õ
ì d�û�JMLYR SuB¿F=R�`�X	BíHu`�X [z@IR R��çWz[jE¿P � R Lz[T]bR J � H îKL^HxBòîcR�X � X�ÿjE B�J
@IH � XVø ö l ö úÀPçH0@ôX�ÿjE BïJ#îcH;EGWgF `YXoø ö lM� úÀõ

ì Q SjS `jW0F ÷KRK@mHKû�@IH � X � F BòSjS�EíR @IH � [YXiXÕBíru`^RcS J�H ÷jEïHÇî½C [+J�JML^R
÷zHKJ©JtHuF õ

ì Q SjS `gW0F ÷KRK@ÊHKûkîcH;EGWgF `YX � F BòSjS�EíR�îcH;EGW0F `%[�X\XÕBíru`YRTSoJtH ÷OEíHÇî�C
J�H JML^R @)BíruL+J	õ
ËJÇ �i��ÛÜ�Ô�Ò� �<×�y��D���´×��Ô�i��}��ß�-×�yIÈ���� ����� �ç}Ü¢/��������}����/�Ü�ÉÈt�ç}��-�D���¤y¤�ß�-×~}��ô}|�Öy �����
y|���-� �Öy Ç ¢�Ê Ç�Ç y¤� Ð �\�<� }��Òy¤��¢ÌË�� ����� � �ÎÍ¤yÜ�ÐÏA�-×�yÙ���ÒÑÕy��Öy|���¤yÔ��� �t�t�ÓÈ©y|�^���Ç�)��y¤� y Ç y|�uy|���Ò�È�yÜ�DÝzy¤y����<×�yç�DÝz�
È Ç �\�|Û¤�0}�� �Òy|�T�<×�yç�Ü{ Ç ��� �-� �)� Ð

ì 8 LYR F W�J4Wz[jEYH0@ISgRK@)BD`�roHKûÊJ4L^R ÷jEïHÇî½CÕX6[z@IR�[YXiXÕBíru`^RcS @IRcîKWg@
XÕB�]bRKE ð+õ
�Ô� �0 � �(' � k HKû XÕBxw�RrÕ¡Öe× Ø ÙeÚeÛ [j`^S Ü Ý n Þ Ý n � ÛeÛÞP1r;B�]gBG`YrÜ n ß [g`YS Þ n Õ�õ
K XiX	Bïru` J4L^R `gW0F ÷KRK@
X àYó ��á ø~îcH;`�JfBíruW^H;WYX ÷jEïHÇî½C	X BD` F&R�F&H0@ñð½ú�JtH
JMLYR ÷OEíHÇî�C	XqHKû k õ
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ö l ö � QuBD@
XZJ®X�ÿjE BïJoBíX LYHÇ@)BïX_H;`+J\[gEAøHÜ n ß � Þ n Õ0úÕõ K XiX	Bïrç` àYó­ã
JtH WgÿgÿzR�@ ÿÎ[z@�J�[j`^S äYó ��á JtH EïH � RK@6ÿÎ[z@�J	õ
ü BD`YîTRÔs ÷jEïHÇî½CMþ�@IH � XqBG` WgÿgÿzR�@�ÿb[K@�J#øå�júÌæ Þ n ÕçP0X\RTîcH;`^S XcÿOE BïJ�BíX
]bRK@�J4Bòî�[gEDPÔ[YXiX	Bïru`jBD`�r àYó­� JtH J4L^R EïR�û<J Lz[j`^S XÕBòSgROõ 8 LOBíX&X	W0÷gF�[�J4@)B��
BíX�XO��Wz[z@IR X\H `^R��bJ XcÿOE BïJ�BíXo÷Àð @IH � õ�?ÞJ�îjõ

k N�N k N)a k N�ç k Néèk a�N k a�a k aêç k aëèk çfN k çZa k ç´ç k çêèk èMN k è\a k è�ç k è´èk ì N k ì a k ì ç k ì èËJÇ �i��ÛÙ�ç}��-�D� Ø
í

Û ß � Û � ß� × �e� � ×î ï � î � ïÙ Ú � Ù � ÚÕ Ö � Õ � Ö
ËJÇ �i��Ûç�¤� Ç �t� �ð Ë �¤ñ

í

Û � Õ ßî Ù × ïÚ Ö � Õ � ß� Û �e� � × � ï� î � Ù � Ú � Ö
ÓÕy¤���t�e� �¡�~y�È Ç �i�|Û
�Ü{ Ç ���Þ�Ö�)Ý ð Ó Ë Ó�ñ

í

í

Û î Õ ×� Ù ß ïÚ Ö � Õ � ß� Û � î � × � Ú�e� � Ù � ï � Ö
ÓÕy¤���t�e� �¡�~y�È Ç �i��Û
�Ü{ Ç ���O�¤� Ç �t�k� ð Ó Ë �¤ñ

§ ¨ éª© «ßé�¬xë­© ©�°ò³;æYé�³kè'è�±@µ¡³kèàé æ·¶/¸
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K E EYF%[+JM@)B�� û�[Yî�J�HÇ@)Bów+[�JfBòH;`YXôî�[g`&÷zR/R��Þÿz@IR�X\X\RcS BD`>J�R�@~FqX HKûk@IRTî	J\[j`YruWgEÌ[K@
[g`YS BïX_H�X\îTRKEíR�X�J4@)Be[j`YruWgEÌ[K@>F%[+JM@)BòîcR�X+õ
ô ?A`YHuW�ruL JtH îcH;`YXÕBòSjR�@ôJ4L^R ��De�?De�/'+�­'GD �C�?Dl' õ
QKH0@ [j` BíX\H½X\îcR�EïRcX @)BíruL+J JM@)B�[g`�rçEïR H�û H0@ISgRK@ _ P J4L^R X�ÿjE BïJ©JfBD`�r
ÿz@IHÇîcRTSçWg@IR @IRcX\R½F ÷jEïRcX�JMLYR @IRcî�Ji[g`�rçWjE�[K@ôîY[�X_R �
ì ü ÿOE BïJ JML^R�JM@)Be[j`YruEíRVBD`&J � HoX	W0÷cþ�JM@)B�[g`YruEïRcX2[j`^S H;`YR @IRcî�Ji[g`YruEïR [�J_ õ î õ
ì dà`+JtRK@)BòH0@0H0@ISgRK@)BD`�r=HKûÇJMLYR®÷jEïHÇî½CÕX�BD`6J4L^R�J4@)Be[j`YruEíR�X [K@IR�SgR	JtRK@~F BD`YRTS
÷Àð [0ÿjÿjE ðjBD`Yr J4L^R [gEïrOH0@)BïJ4L0F @IRcîKWg@
XÕB�]bRKE ð+õ

ì QzHÇ@ÔJML^R @IRcî�Ji[g`�rçEïROP � R Lz[T]bRVJMLYR îKL^HxBòîcR�X®HKû ö l ö H0@ ö l
�'õ
ì l�EíHÇî�C	X BD` EÌ[YXZJ%÷OEíHÇî�C @IH � HÇ@ îTH;E W0F ` [K@IR ÿKH�XiX	BD÷jEýð ÿÎ[^SjSgRcS õ

ö [K@�J4B�J4BòH;`OBD`Yr HKû�[ JM@)B�[g`YruWjE�[K@6F�[�J4@)B�� HKû XÕBxw�RÔÕ ß ÛÔ÷�Õ ß ÛÞP
÷OEíHÇî�CoXÕBxw�R BíX � ÛeÛÔ÷ � ÛeÛ �k N�Nk a�N k a©ak çfN k çta k ç´çk èMN k èia k è�ç k è´èk ì N k ì a k ì ç k ì è k ì´ì

ËJÇ �i��ÛÙ�u})�-�D� Ø
í

Û � îÙ Õ Ö
ß × � Û � îï Ú ��� � Ù � Õð Ó Ë Ó�ñ

í
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C=C+ATB using conventional and recursive blocking

ATLAS results from [8]
Blocking by 16×16 and 160×160 and prefetching
Recursive storage and blocking, with prefetching
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C=C+ATB using the dynamic load balancing

1 thread(s)
2 thread(s)
3 thread(s)
4 thread(s)

Â � �¢� � h>RÍ] Rrh>R�¶¸d�MOd#SVN%]GfoMOd Îs¶6�^ijh�N�Mcb¿bwh`i�º#hmYBMsi¸º¢Ï ÐsÑ^Î Rrh�d�MÒx
ÓÒÓ%Ô � Õ¼ÖÒ�



× Ø{Å	Ù�Æ~ÅrÚ Û�¥
Ç�Ø Æ{Ù È Ø¾Ç¤ÉvÅ�Ü#�jÊ¼Ø Ë Ì � � Û�¥
ª ¨ È � �

0 200 400 600 800 1000 1200 1400 1600 1800 2000 2200
0

200

400

600

800

1000

1200

1400

1600

1800

2000

Matrix size (M=N=K)

M
flo

ps
/s

C=C+ATB and B ← A−1B

ESSL DGEMM
ESSL DTRSM
Recursive DGEMM
Recursive DTRSM
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DTRSYL on IBM Power3

Recursive DTRSYL w/ recursive GEMM, using recursive data format
Recursive DTRSYL w/ manufacturer’s GEMM                        
LAPACK DTRSYL (unblocked)                                      
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