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Abstract

The computing performance of processors in high-performance com-
puters is increasing steadily. The overall memory bandwidth has not
grown at the same rate. Instead, the memory hierarchies have got more
complex, with more number of caches. Programs which need to utilize the
full power of the processors have to adjust their data reference patterns to
fit the memory models. In this paper, we show a way of organizing algo-
rithms and corresponding data structures for linear algebra routines which
enables automatic tuning for an arbitrary number of caches by using re-
cursive technologies. We show how performance for matrix multiplication
is increased by 51 % compared to existing routines for the IBM PowerPC
604 by using fine tuned kernels, algorithmic prefetching, recursive algo-
rithms and data structures. We also present an algorithm for scheduling
matrix multiplication on an SMP-node. Discussions on how kernels should
be implemented and a cache simulation model are also included.
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1 Introduction

Linear algebra is an area which involves heavy computations and therefore is
in need of high-performance routines to decrease the total computation time.
In efforts to make this possible, parallel computers have evolved with differ-
ent architectures. One architecture approach is shared memory multiprocessor
machines such as the IBM SMP-node which is a member of the IBM SP family.

However, libraries developed until today have showed poor performance on
this type of machines.

1.1 Objectives

The objectives of this master’s thesis are,

¢ to find out the bottlenecks when programming the SMP-nodes in parallel
on the IBM SP.

o give guidelines for programming the SMP-nodes in parallel with increased
performance.

1.2 Method

To achieve deeper understanding in the area of subject much effort were in the
beginning put on reading books, articles and reports. In this way it was possible
to get theoretical knowledge and surround the main topics in development of
high-performance matrix multiplication routines and linear algebra.

A lot of testing of the already existing libraries have been done to evaluate
and examine different approaches of matrix multiplication.

The theoretical knowledge together with the testing results from past imple-
mentations of other teams gave us ideas of how to increase the overall perfor-
mance and pioneering thinking in the area storage mapping models.

To verify our thoughts and explore specific parameters affection on perfor-
mance, numerous lines of code have been implemented. Examples of programs
are timing of the memory hierarchies, simulation of cache references and a ma-
trix multiplication to verify the concepts.

Beyond this, talks and meetings with Erik Elmroth, Fred Gustavson, Bo
Kagstrom, and Per Ling ended up in many great ideas.

1.3 Outline

In Section 1 we explain why this thesis is done, and our objectives.

Section 2 describe some theoretical concept, in order for the reader to be able
to delve into the later sections. We explains words like speed-up and efficiency,
matriz multiplication and matriz blocking. This section also covers some of the
libraries for linear algebra computation available.

In Section 3 we describe the hardware, the units that are involved in matrix
multiplication. This section covers how these units interact with each other and
the characteristics of the units. We also describe our target platform, the IBM
SP High Node, an SMP-node.



Section 4 contains a thorough discussion of threads, a programming model
suitable for SMP-nodes. Threads are not available in all languages however.
This section explains why.

In Section 5, three other high-performance libraries and approaches are cov-
ered. Their underlying ideas are shown.

Section 6 covers a discussion of matrix blocking and a mathematical inves-
tigation of the metrics. We have developed formulas for the optimal blocking
sizes when a practical implementation detailed is taken into account, the setup
size around the innermost loop.

In Section 7, different data structures and storage patterns for matrices are
investigated. We show our implementation of routines that copies matrices to
and from new, blocked routines.

Section 8 explains the kernel routines, that is, small efficient kernels that
performs matrix multiplication on small, fixed sized, matrices. We report our
measurements and we show a way of laying out instructions optimally. The
technique of prefetching is also explained, and results from experiments with
prefetching are displayed.

In Section 9, we are presenting a tool for cache simulation that we have
implemented. We explains its foundations and its shortcomings. Examples of
runs with the tool are shown and commented.

Section 10 contains a new idea for fast dynamic load balancing that we have
developed. It is based on a tree made out of the recursive multiplication. We
describe why it fits well into our data structures.

In Section 11, we describe how our testings were performed.

Section 12 contains our results of the matrix multiplication routines, both
for one processor and several. We also describe the measurements performed to
find the metrics of our target architecture.

Finally, in Section 13, we summarize our results and give explanations of the
results. We also describe what is left to be done in this field.



2 Concepts and background

To be able to get deeper into this master’s thesis the reader should get ac-
quainted with some basic knowledge, generally in the area of parallel program-
ming, and especially in the area of parallel matrix multiplication. This section
describes the terminology and gives an overview of parallel programming.

2.1 Theoretical perfor ance

When using parallel systems the aim is to solve a given problem much faster
compared to a single processor system. To be able to discuss different perfor-
mance issues we introduce some standard definitions.

Assume that we have a parallel algorithm that is identical to the best sequen-
tial algorithm, i.e., they solve the same problem. The speedup is then defined
as the ratio of the serial run time of the best sequential algorithm for solving a
specific problem to the time taken by the parallel algorithm to solve the same
problem on p processors. This can be written as,

-— M)

where is the serial run time and is the parallel run time.

Normally, 1 because practically there should be no way a processor
can devote of its time doing computations, execution time is spent on
communication, context switching and so on.

But there are rare cases when, , which corresponds to a situation where
we have super-linear speedup. This can for example be achieved on distributed
memory machines when the problem fits into the level 2 cache on all processors.

mdahl s la states that the speedup of an algorithm is effectively limited
by the number of operations which must be performed sequentially, i.e., its
serial raction. Algorithms that parallelize well are those with very small serial
fractions. If we denote the ratio of the serial fraction in a parallel algorithm
with  and the number of processors with p, Amdahl’s law suggests that the
maximum achievable parallelism is upper-bounded by 1  and we therefore can
achieve a maximum speedup of,

T ) (2)
If a program for example executes in serial mode 20 of its time, one should not
expect a speedup of more than 5, even if an infinite number of processors are
added. The constant is called the sequential bottleneck. Note that Amdahl’s
law stands even though communication overhead is excluded, i.e., including it
will only exacerbate the sequential bottleneck.
Ideally, we would want = , where p is the number of processors, therefore
we define the efficiency of a parallel program as,

=- 3)

which is the ratio of processor utilization. The efficiency is normally between 0
and 1 but can exceed 1 in cases of super-linear speedup.



If we assume that  is the cost of solving a problem (function of the prob-
lem size) with p processors, we can denote the communication overhead cost
(function of problem size, number of processors and type of machine topology)
as,

= p

In this way we can rewrite the efficiency formula as,

With a fixed problem size, the efficiency decreases as n increases. Generally
speaking grows slower than W as the problem size increases. Thus, with a
fixed number of processors, the efficiency increases as the problem size increases.
Generally speaking, as the number of processors increases, one has to increase
the problem size in order to maintain a constant efficiency. The amount of
growth needed in the problem size to balance the increase in number of proces-
sors (for a constant efficiency) is called the isoefficiency function. The lower the
order of the isoefliciency function the more scalable the parallel system is.
Another way of saying this is that an algorithm is scalable if and only if

lim =0

where  (n) is the running time of a parallel algorithm on a problem size n using
a unlimited number of processors. The cause of a non-scalable algorithm is often
a sequential phase impossible to parallelize or the amount of communication
time between processors increases more rapidly with an increased number of
Processors.

Further discussions are found in KGGK9%4 .

2.2 Matri ultiplication

A basic problem in high-performance and scientific computing is matrix multi-
plication,
¢ C A-B

where A is of size -by- , Bisof size -by-n and C of size -by-n. Also assume
that all matrices are dense, i.e. most of the entries are nonzero. Each element
C in the matrix product can explicitly be expressed as,

1

This means that each value of C' is a dot product of two vectors, one row from
the A and one column from the B, which is illustrated in Figure 1.

The basic algorithm for doing a matrix-multiplication without any perfor-
mance improvements builds upon loops over the columns and rows of the ma-
trices A and B, i.e., dot products, which in a pseudo language can be written
as,



i O i l
i — — i

or i 1m

or 1n

or 1 1k

i i Ail B1
end
end

By arranging the loops in other ways different operations will be performed
in the innermost loop. In total there are six (permutation of 3) different ways
to arrange the three loops. All give, of course, the same result but their data
access pattern differ. A benificial feature with the dot product is that the result
can be kept in a register during the whole computation. Other variants include
_AXPY or outer product

An _AXPY operation looks like,

where and are vectors of the same size and  is a scalar, see Figure 2.

C A B

Instead of keeping the result in a register this operation stores one of the
element operands from A or B in a register fulfilling the operation. Using pseudo
language this can be written as,



An outer product operation has the form,
c=4 T

where C' and A are -by-n matrices, x is a -by-1 vector, and y is a n-by-1
vector, see Figure 3.

The outer product which has higher granularity than the other two opera-
tions is preferable when using distributed parallel systems. On shared memory
parallel systems this operation may cause problems keeping good cache consis-
tency which implies penalty time. Using pseudo language this multiplication
can b illustrated as,

or 1 1k
or i 1m
or 1n
end
end

end

Further discussions are found in KvL&8.

2.3 Matri bloc in

The three D0-loops may be an easy way to matrix multiplication, but they are
very inefficient. The reason for this is that each loaded value from memory is
used very infrequently, so rarely that it may be unloaded from the cache until
the next time it is used. A better method would be to use each loaded value
many times in a row, and then let it be unloaded from cache memory by working
with other elements. Of course, we cannot just use the elements in any way we
want, instead, we must stick to definition of matrix multiplication. If we are
performing an (M x N x K) multiplication, that is multiplying C = C A x B
where Ais M x K, Bis KxN,and C'is M x N, there are M N K multiplications
and additions. We can reorder these in M NK ways. It is obviously impossible
to try all combinations, though there are some schemes that give a performance
close to optimum. This is matrix blocking. An example, which blocks in one
level, is

or i 1 mbm
or 1 nbn
or 1 1 kb k



or ib min mb 1 m i 1

or b min nb 1 n i 1

or 1b min kb 1 k i 1
i ib b i ib b
Aiib 1l 1b B1l1b b

end

end

end
end
end
end

Here, if mb, nb and kb, which are algorithmic specific parameters are suffi-
ciently small, the elements references in the three innermost loops will be held
in cache and reused. If the parameters are too small however, the performance
will degrade since only a few elements are reused.

Another motive to block matrices is to make portions of the problem easy
to parallelize.

2.

The BLAS, or Basic Linear Algebra Subprograms LHKK9a , has become a
defacto-standard for basic vector and matrix operations with the aim to provide
a portability layer for computation. The BLAS is divided into three levels
depending on the time complerity. Time complexity is associated with the
number of floating-point operations carried out. Another term often used is
space complexity which defines the number of memory references done by a
BLAS subroutine.
Level 1 BLAS do vector-vector operations and have the time complexity
(n) and space complexity (n). The problem in level 1 BLAS is that there
is too much memory traffic related to floating point operations giving poor
performance.
Level 2 BLAS do matrix-vector operations and have the time complexity
(n?) and space complexity (n2).
Level 3 BLAS do matrix-matrix operations and have the time complexity
(n ) and space complexity (n2?). A significant difference occurs compared
to the other two levels of BLAS, the time complexity is larger than the space
complexity which implies a higher total performance. The secret of increasing
the performance is to have an as high as possible ratio of computations per
memory reference.

The higher level of BLAS, the higher level of granularity, which is the amount
of computations that can be done in parallel. Increased granularity implies lower
synchronization costs and therefore increases the performance.

In high performance computing there are several software libraries like LIN-
PACK and LAPACK that are using BLAS as its foundation of computation be-
cause of the efficiency and portability across high-performance platforms from
different vendors. The availability is another contributing cause of its success.
It is public domain software and free to download from NetLib and vendor-
provided versions often come with the hardware.



2.

LAPACK, or Linear Algebra PACKage ABB 94, is a library of Fortran sub-
routines for solving the most commonly occurring standard problems in numer-
ical linear algebra, computational routines to perform a distinct computational
task, and auxiliary routines to perform a certain subtask or common low-level
computation. Typical examples of problems are systems of linear equations,
linear least squares problems, eigenvalue problems and singular value problems.
LAPACK can also handle many associated computations such as matrix factor-
izations or estimating condition numbers.

LAPACK is designed to be efficient on a wide range of modern high-performance
computers, this means that the library is not tuned for a specific architecture.
One of the key ideas behind LAPACK was to make a library of subroutines
where the most of the computing is done in BLAS subroutines, therefore LA-
PACK expects the vendors to provide a set with tuned BLAS to achieve high
performance.

The LAPACK routines are written as a single thread of execution, each
routine has one or more parameters which are submitted with the algorithmic
structure calls to the BLAS. The parameters are obtained when installing the
package and stored in a table which is referenced at runtime. A typical example
of a parameter is the size of the blocks operated on by BLAS, note that the user
never sees these parameters when calling LAPACK subroutines.

2. ca

The ScaLAPACK, or Scalable LAPACK BCC 97, is a library that includes
a subset of LAPACK routines redesigned for distributed memory parallel com-
puters. ust as LAPACK routines calls the BLAS subroutines, ScaLAPACK
routines uses calls to the PBLAS.

PBLAS, or Parallel Basic Linear Algebra Subprograms, rely on the commu-
nication protocols of the BLACS and the computation subroutines of BLAS.

BLACS, or Basic Linear Algebra Communication Subprograms use explicit
message passing for interprocessor communication. The BLACS are designed for
linear algebra applications and provide portable communication across a wide
variety of distributed-memory architectures. The goal is to have ScaLAPACK
routines resemble their LAPACK equivalents as much as possible.

2.

ESSL (Engineering and Scientific Subroutine Library) IBM97a is a high per-
formance library of mathematical subroutines for the IBM RISC system. The
subroutines cover many computational areas, for example linear algebraic equa-
tions, matrix operations, eigensystems analysis, Fourier transforms, interpola-
tion, and random number generation. ESSL, which is provided by IBM can be
split up into two categories of subroutines.

First, the foundations of ESSL which is BLAS, where the complete set of
basic linear algebra subroutines are fully tuned for specific machines.

Second, a set of routines to for example solve linear equations of various
kinds, which functionally are the same as the public domain software LAPACK.
To use these ESSL routines, modifications to the application code need to be



done, though in most cases it will increase the total performance of the appli-
cation.

User applications that already is developed using calls to the LAPACK Ili-
brary could easily linked with ESSL for tuned BLAS subroutines. This means
that code which calls BLAS and LAPACK subroutines is fully reusable without
any changes. This approach achieves slightly lower performance than direct
calls to the ESSL routines.

The large number of different subroutines in ESSL also reduces the effort
needed to develop new applications in the area of scientific computing and fi-
nance, which have in common its numerically intensity.
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ard are

A computer of today (serial and parallel) includes different storing devices or
memories. These devices are different in size, latency, and the physical distance
to the processor itself. This section will in some detail describe the devices that
affect the performance of a matrix multiplication.

3.1 Me or hierarch

In a general memory hierarchy there are several levels, including registers, cache,
main memory and disk areas, see Figure 4. When the processor accesses data,
the most recently used data are stored in registers which are a part of the
processor and used for computations. These registers are small and few in
number which forces the processor to fetch new data from the outside. The first
level outside the processor is the cache. If the data is found at this level (cache
hit) it is sent to the processor, otherwise (cache miss) the request is passed down
to the memory. As a final instance, at level three the data is to be found on
the disk. When the data is found it is passed up in the hierarchy and a copy is
stored at each level, which forces items at the higher level to be removed when
storage space is exhausted.

Processor

L1 Cache

|
L2 Cache

Main Memory

3.2 ache

The cache can be split up in several levels. Today, normally the number of
levels of cache memory is spanning from one up to three. The level one cache
normally is on-chip, i.e., it resides on the processor and therefore has the lowest
latency in the memory hierarchy. To keep low latency in the level one cache it
is limited in size, normally 8-64 kB'. The level two cache is normally off-chip,
and has therefore less limitations and therefore a higher latency. The size of the
level two cache is normally between 256 kB and 4 MB2. Notable is that each

11



processor can have its own level two cache memory or it can be shared between
processors.

The usefulness of two caches instead of one cache is dependent upon the
application. If the data references are spread out, i.e., if space locality is not
utilized, a second cache (L2) increases the total performance of the applications.
Typical applications to benefit from this are programs with frequent branches
and widely accessed data which will cause cache swapping at a high rate. Ap-
plications that access data in tight loops where the data is well mapped into the
level one cache barely need a level two cache to increase the total performance
in the system.

The caches are often high speed SRAM chips and therefore very expensive
as size grows.

3.3 Main Me or

Main memory is the last level in the hierarchy entailed by the common term
volatile memory, that is, when the power is shut down everything stored is
lost. The size of main memory in high performance systems can be very large,
normally 256 MB and higher. Today, sizes above 1 GB is frequently occuring.

3. is

The disk storage is the last level in the hierarchy and is a member of the group
of permanent storage, that is, after the power has been shut down the stored
data can still be retrieved when the power is switched on again.

3. Translation loo aside bu er

All program code and data is stored in memory and is located in the virtual
address space. The virtual address space consists of a memory space located
in the RAM-memory and disk space. The translation lookaside buffer (TLB)
translates the virtual address into a physical address in the physical address
space and stores these addresses as virtual pages in the TLB. If access is at-
tempted to a virtual page not in the TLB, a TLB miss occurs and forces the
TLB to load a page entry from the global pagetable which resides in memory,
resulting in a penalty. It might then be a good idea to use loop blocking or data
reformatting, with respect to the TLB, to keep the performance in place.

3. hat isan M node

A MultiProcessor-node is a cluster of processors which can be seen as a homo-
geneous system. There are two types of multiprocessors shared memory and
distributed memory, see Figure 5. A shared memory multiprocessor consists of
multiple processors, each capable of addressing all memory areas and devices.
A typical example is the ymmetric ulti rocessor (SMP) where the system
looks exactly the same to each processor in the system. This means that any
process, independently of the processor, can see everything on the machine and
can access the same bytes in memory as any other process, which makes a good

12



cache consistency® solution important. This system is very efficient and is highly
scalable if a lot of data is to be shared. The programming model when using
SMPs is the same as for a uniprocessor system which is a great advantage.

Shared memory Distributed memory

P Pl PP

Disk

In a distributed memory multiprocessor all processors have their local mem-
ory and disks which implies message passing to establish interconnection be-
tween the nodes. This solution has generally better scalability than the shared
memory solution because there is no memory bus contention or cache coherency’
problems. On the other hand the message passing programming model is a bit
more complicated.

3. The M M node

The IBM SMP-node, or SP High Node, is a shared memory multiprocessor with
four processors on each node. Each processor has 32 integer and 32 floating-
point registers. There are two levels of cache, a level one (L1) cache which is
on-chip and a level two (L2) cache which is off-chip, non-shared, per processor.
The cache sizes are, 16 kB L1-cache and a 512 kB L2-cache. The system nodes
have a main memory size of 256 MB per four processors The TLB has 128
entries and can therefore store 128 translations where each virtual page is of
size 4 kB each, which will span over 128 - 4096 = 524288 bytes or 0.5 MB of
memory.

Several tests have been done in order to measure the latency time at different
levels of the memory hierarchy, see Table 1. For a more thorough discussion,
see the result section.
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| Unit | Number of DW | Average latency time (cycles) |

Registers 32 0

L1 cache 2048 1-2

L2 cache 65536 )
Main memory | 33554432 (32 MDW) 15-20
TLB 128 pages of 512 DW each | 40

14



T reads and

The SMP-nodes consist of multiple processors and a shared memory. The op-
erating system schedules processes on the processors which work in parallel. A
more convenient way of parallel programming is to use threads, an easier to han-
dle form of standard processes, which shares the whole memory area together
and therefore has its pros and cons. The following section give further details
about threads and SMP-nodes.

1 ntroduction to threads

By definition, a standard process, or hea y eight process, is a task with exactly
one thread. Before the emergence of threads, the normal way to achieve mul-
tiple instruction sequences under UNI operating systems (i.e., doing several
things at once, in parallel) were to use the fork() and exec() system calls to
create several processes, each consisting of a single thread of execution. Re-
sources that are private to a process are a virtual address space (i.e., stack,
data, and code segments), system resources (e.g., open files), and a thread of
execution. To achieve interprocess cooperation to the process, external com-
munication channels are needed. UNI systems provide several mechanisms for
accomplishing interprocess communication (IPC). Examples of IPCs are sockets,
pipes, semaphores, shared memory segments and message queues. In a threaded
environment, this model of parallelism is turned on its head.

.2 hat is a thread

A thread NBF96 , which is sometimes called a light eight process (LWP), is a
basic computational unit, an encapsulation of the flow control in a program. It
consists of a program counter, a register set, and a stack space. A thread shares
with its peer threads (threads within the same process) its code section, data
section, and operating-system resources (open files and signals), see Figure 6.
The collection of threads form a single process each thread in the process sees
the same virtual address space, files, etc. An interesting implication is that if
one thread opens a file, all its peer threads can also access the file. Attention
should be given to shared resources and the protection from side effects when
using threads.

The sharing between threads make them inexpensive compared to heavy-
weight processes due to the lack of context switching (pure overhead, no useful
work is done), although it still requires a register set switch. A big advantage
with threads is consequently that no memory management is needed at all when
using peer threads, this means that using multithreaded control is especially effi-
cient when the different processes are related through, for example, shared data.
Sharing data (memory) between heavyweight processes must be done explicitly.

Often threads are implemented at the user level, implying that no system
calls are performed and therefore no calls to the operating system are done,
causing interrupts and, thus, latency penalties. All in all this implies that
switching between threads is very fast because it can be done independenly of
the operating system.

A drawback with threads is that if the kernel is single-threaded a user-level
thread performing a system call will cause the entire task to wait for the return
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Process
Files Thread Thread Thread
[Registers | | [Registers | | [Registers

Stack Stack Stack

value. On the other hand, if the kernel is multi-threaded it is possible to bind
a user-level thread to a kernel thread and, thus, obtain parallelism. This is
especially efficient when using a multiprocessor, where the kernel threads then
can be distributed on different processors.

The use of threads is often praised for being much more efficient than using
the ork statement to create new processes. To investigate how much time is
spent using threads we made some tests. A pt read_create call, at its mini-
mum, is consuming 2.5 milliseconds which can be related to the time consumed
by a ork call which requires at least 4.5 milliseconds.

.3 Threads and si nals

A signal is a software interrupt which can be caused by illegal system calls or
user generated. Signals can also be used for interprocess communication. There
are two types of signals, synchronous and asynchronous. Synchronous signals
are caused by a thread’s own actions, such as when a thread performs division
by zero or attempts to access memory outside its address space. Asynchronous
signals are caused by something external to the thread, such as another process
sending a kill() signal or the user pressing trl on the keyboard (causing
a SIG UIT signal).

All synchronous signals are targeted to a specific thread and are always
handled by the offending thread. The asynchronous signals are targeted to the
entire process it is then up to signal masks to decide which thread is to process
the signal.

In a single-threaded program, the global variable errno is set to an error
value when a system or library call fails. In a program with multiple threads,
the global errno variable is replaced by a per-thread errno. When a failing
system or library call sets the per-thread errno, the other threads’ errnos are
not affected.

. istribution of threads on M nodes

An SMP-node with the Al operating system running, one common run queue
is accessed by all processors on the node. The thread next in line is distributed
to the first processor that becomes idle. When a thread blocks or when its
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quantum expires the thread will be put back in the queue and removed from
the processor it is currently residing on. One consequence of this is that a
thread is not guaranteed to run on the same processor as before when it is next
in line. Threads will bounce around and cause cache misses which will decrease
the performance. A solution to this problem is to let threads always run on the
same processor, and hope that most of their instructions and data will remain
in the cache. Using the same processor when in kernel-mode is called processor
affinity. AI supports weak processor affinity if two or more threads have
been given the same priority a processor chooses the one that last ran on it.
A stronger form of affinity is to bind the thread to a specific processor. It is
important to keep in mind that when binding a thread to a processor it might
cause the total system throughput to decrease because the threads are bound
and not scheduled to idle processors.

One problem when creating threads is that they are treated the same way
as processes, when accessing the processor kernel. Each thread running has a
quantum assigned to it which will dispatch it from the kernel.

. Thread safet

The threads library code is written in C which makes it highly tuned and suit-
able for use in standard C programs. However, in scientific computing the most
common language is Fortran and tests have shown Fortran 77 code is not reen-
trant and thus not safe to use by multiple threads. This problem is caused by the
compiler that generates code which uses a static memory allocation and there-
fore cannot be called recursively or in parallel. A work-around to this problem
is to use oto statements. The static memory allocation also creates problems
that are associated with local variables in procedures or functions. When called
in parallel these local variables get over-written by the other threads due to
fixed memory allocations associated with the local variables in the procedures
or functions. This last problem can be solved if every thread gets its own in-
stance of the procedure or function. A much more effective way to get around all
problems with threads is to use Fortran 90 which, as C, puts all local variables
on the program stack.

The above problem is often called a non-thread sa ety problem, that is when
race conditions exist between processes concerning allocation of resources. One
remedy is to add mutexes into the code which only allows one thread at a time
to access a certain memory area or a library routine.
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re ious ork

A primary area in parallel programming has for a long time been developing
libraries of routines for linear algebra problems. Of course there have been many
contributions® which have shown very good results, but we think that there are
three specific projects that recently have explored new dimensions which have
helped us in the development of a matrix multiplication routine. These projects
are GEMM-based level 3 BLAS ( KLvL95 and GH 98), ATLAS WD97,
and PHIPAC BAD 97. In the following we give a short summary of these
projects.

Today, there are BLAS libraries developed for many different architectures
which are very effective and has high performance. The problem is that the
development is expensive and time-consuming, especially the hand-optimization
part and the vendors often wait until there is a clear market demand of a
BLAS library for a specific machine before they start the development. The
programmer must understand the machine, know the memory hierarchy and
functional units and so on.

1 uperscalar MM based level 3

In previous work by Kagstrom, Ling and an Loan KLvL97 development of
a GEMM-based (GEMM, GEneral Matrix Multiply level 3 BLAS library has
showed that it is possible to build all level 3 BLAS routines on DGEMM and
a small amount of level 1 and 2 BLAS subroutines. This way of developing
libraries simplifies the overall development of a optimized level 3 BLAS because
the only level 3 BLAS routine that needs to be implemented is the DGEMM
which together with this library gives access to all level 3 BLAS routines. No-
table is that this approach assumes that the vendors provides a highly optimized
DGEMM and some level 1 and 2 BLAS routines to their machines.

The general idea of the GEMM-based level 3 BLAS is to strip down every
matrix multiplication into blocks where general matrix multiplication can be
used, in this case the DGEMM. The strips of blocks are either block row or
block column. For further improvement of the performance, the blocks can be
divided into subblocks.

Further improvements on this approach has resulted in the Superscalar
GEMM-based level 3 BLAS GH 98 which has decreased the number of rou-
tines that needs to be implemented to have a full level 3 BLAS library. In fact,
only one routine is needed, the GEMM. The level 1 and 2 subroutines required
for the GEMM-based level 3 BLAS library are nowadays replaced by in-line
code® This in-line code make use of 4 x 2 unrolling of the inner-most loop and
as a implication of data copying and work arrays the references are stride one.

Invoked in the Superscalar GEMM-based level 3 BLAS is the possibility
of parallelism, this can be achieved either by a parallel GEMM routine or by
automatic parallelization by a compiler.
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2 T

The goal of the project is to develop a methodology for automatic code gener-
ation of linear algebra routines, with the preconditions of a on-chip cache and
a good C-compiler. The result is called Automatically Tuned Linear Algebra
Software (ATLAS) WD97 . The main focus of the initial work have been spent
on developing a general matrix multiplication, DGEMM, of the form,

c AT.-B ©

Though, a lot of the technology and the approach can be applied to other
routines in level 3 BLAS.

Looking into the code which is generated it can be split up in two parts
First, an optimized on-chip matrix multiplication code which is automatically
generated. With timings the code generator is able to determine the best-fitted
blocking and loop-unrolling factors for the specific target machine.

Second, the rest of the code is the same across all architectures, and handles
the looping and blocking and so on to build a complete matrix-matrix multipli-
cation.

The result of the timings also determines the minimum size of a problem
where the ATLAS algorithm is used, hence if the minimum size is not attained
a standard 3-loop multiply is used. This is done because the overhead in the
optimi ed ATLAS-routines due to function calls and multiple layers of looping,
might make it slower.

The blocking strategy is to split the main matrices into minor blocks of size
n X n. When the dimension is not a multiple of the blocking factor, clean-up
code takes care of these cases.

The ATLAS team also stated that all 3 matrices need not to be in the cache
to optimize cache reuse. Instead, they claim that it is not necessary except when
the cache policy is not write-through, which saves the cost of pushing previously
used sections in C' back to level 2 cache.

3 i

When using general linear algebra libraries a problem that often arises is that
explicit tuning needs to be done to achieve high performance on a specific ma-
chine. The work-around to this problem is to make a machine-specific library
that is by definition well tuned and therefore has a high performance. This
solution is generally not optimal due to its platform dependency.
eff Bilmes, Krste Asanovic, im Demmel, Dominic Lam and Chee-Whye
Chin have gone one step further Instead of just developing regular library
routines and handing over the tuning to the user, or developing a machine spe-
cific library, they have developed a system that automatically generates BLAS
libraries tuned to a specific machine. The system is called Portable, High-
Performance, ANSI C, abbreviated PHIiPAC BAD 97.
The methodology used to obtain these libraries consists of three components

o A set of guidelines for producing portable high performance ANSI C code.

e A generator which produces code according to the guidelines.
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A search-script that automatically tunes the code for a specific machine.
Parameters are combined with different values compiled, timed and bench-
marked to obtain the best possible combination. Tunable parameters in-
clude the number of integer and floating-point registers, sizes of each level
of the caches, and blocking in the memory hierarchy.

This way of developing linear algebra libraries has been successful, on several
machines this methodology has achieved over 90 of peak performance.

In order to produce ANSI C code which yields high performance on different
machines and compilers, the PHiPAC-team analyzed the output from different
compilers to determine which characteristics of the code affects the output,
and how. The results ended up in these guidelines that in a general way show
common characteristics that will improve the performance of the code.

use 0 local ariables to explicitly remo e alse dependencies, which often
occurs when the compiler assumes pointers aliasing.

ezploit multiple integer and oating-point registers, when having references
in loops the compiler often reloads the values in each iteration, this can
be avoided by using local variables.

minimi e pointer updates by striding ith constant o sets, use constant
array offsets and move the basepointer instead of pointer updates of the
variables.

hide multiple instruction latency ith independent operations, which
will increase performance using pipelined or superscalar processors.

balance the instruction miz, a floating-point multiplication, a floating-
point add, and 1-2 floating-point loads or stores interleaved.

increase locality to impro e cache per ormance, if possible, arrange the
memory accesses to be stride one.

con ert integer multiplies to adds, the add operations is much faster than
multiplies.

minimi e branches a oid magnitude compares, unroll loops, use C do

ile  which removes the branch compared to C ile when ter-
minating, try to use equality or inequality loop terminations instead of
magnitude comparisons which is less expensive.

loop unroll explicitly to expose optimi ation opportunities, when unrolling
loops it is often possible to raise the floating-point operations per memory
access ratio.

All these guidelines have been known for a while but the PHiPAC-team have
made a good compilation.
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pti al blocking

In this section we will discuss the optimal blocking for on-chip cache for the
SMP-node. That is, for a multiplication C = AB, where A is M x K, B is
K x N, and C is M x N, we want to find values for block sizes Mg, Npg,
and Kp so that the multiplication performs as fast as possible. In general,
blocking for cache leads to square blocks since this leads to the largest volume-
to-surface ratio, that is for each blocking sizes that fits into cache we want to do
as many floating point operations as possible. However, in order to achieve fast
kernel routines, we want the innermost loop to have as many iterations (Kpg)
as possible. In this section we discuss how to find the combined optimum. This
work was done independent of the work done by Gallivan, alby, Meier, and
Samah, see G MS88

.1 and in cache

Suppose a kernel is possible to do a (Mp, Np, Kp) matrix multiplication on
approximately (MpNBKB)tfma (MBNB))tsetup cycles if the data is in cache,
(MpKp) (NpKp) (MpNg) csz, where tgp, is the time to perform a
multiplication, tsesyp is the time for setting up the innermost loop, and csz is
the cache size in double words. Also suppose that the time to load data to
cache is uniform, that is (MpKp) (NpKp) (MpNB))tiocad Where tj,04 is
the time to load a floating point number (double word) from cache to register.

The objective is to find values on (Mg, Np,Kg) in order to perform the
multiplication (M, N, K) as fast as possible. Let M = Mp,N = nNp, K =

Kp. The time for such a multiplication is

(Mp,Np,Kg) = n -(MpNpKp)tfme (MNB)tsetup

4
MpKp NpKp MpgNB ticad) )
Inserting =-—,n=—, = — we get
t
(Mp,Np,Kp) = MNK- t{ma %
B
MpKp NpKp MpNB tioua
MpNgKp
By differentiating the expression with respect to Kp, we get
tsetu tlaad
- = MNKZ2&upr _toad
Ks K3 )

which implies that if Mp and Np are constant then the time is monotonically
decreasing with respect to increasing Kp. The formula is however valid only
for MpKp NpKp MpNp c¢sz,s0 we can assume that a full cache use is

preferred, and inserting

MgpNp csz
K= =—2-'2 —°¢
B Mg Ng (6)

into (5) gives

(esz MBNB)tfma
Mg, N, = MNK -
(M, Np) csz MpgNg

MBNB(MB NB)tsetup csz (MB NB)tload
(csz MgpNg) MpNg

(7)
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Now inserting values for ¢ according to the metrics of the SP High Node (see
the Kernel and Results section) ey, = 2 (there are loads and stores of 16 C-
element around the inner loops, the number of iterations of the outer loops are
TB and TB respectively, ﬁ = 2, see the Kernel section), tfme = 1,t10a¢ = 5
and the size of the on-chip cache, c¢sz = 2048 double words.

2MB 2NB
MpNgp 2048
10240Mp  10240Ng
(MpNp 2048)MpNp

(Mp,Ng) = MNK- 1

We remark that (Mg, Np) is proportional to the problem size to the op-
timal block size and that the optimal block size is the same for all sufficiently
large problems.

In Figure 7 it is shown that there is a minimum for the High Node values at
approximately Mp = Np = 25, although the surface is rather flat around the
minimum.

i

N

\

t/fm 21

T e T Tl
By solving
(MB,NB) _
T My Y 8
(Mp,N5) _, )
Np B

for positive Mp, Ng we find the minimum at exactly

2 2
cs2® t0q  10ticadtsetup 1t

setup 3t10adC52  tsetupCSZ

Mp =N =

2tsetup

which leads to the optimal values Mg = Np 24 1,Kp 30 3. The minimum
is also shown in Figure 8 when plotting (Mp, Ng) against Mg = Ng.
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.2 and 1in cache

Even though MpKp NpKp MpNp csz there are cases where the subma-
trices (blocks) do not fit in cache. Consider the PowerPC 604 processor, where
the cache is four-way associative, and assume Mp = Kp = Np = 24. Then
3-24% = 1728 2048, so one might think that the submatrices would fit into
cache easily. But if all matrices are page aligned, that is, the address of the
first element of each matrix is a multiple of 512 double words, the matrices will
overlap in cache and there will be some cache thrashing, see Figure 9. Generally,
to be sure that a set of blocks of sizes ;, , fitsinto an -associative cache
of size sz, we have to require that

Sz

1
> sz (10)

We can however assume that the entire C' matrix is not needed in cache
simultaneously, since we are only reading every element in C' once and writing
the new value once. This can be formulated as it is sufficient if the A and B
matrices fit into cache, or in other words, MgKgp NgKp csz in the new
upper bound for Mg, Ng, Kg. With the same arguments as above, we get

CSz

Kp=-—__
B Mg Ng ) (11)
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which inserted into (5) gives

M N setu
(Mp,Np) = MNK- trma S cs:)t -
(¢sz2 MpNg)(M NB)tioad (12)
csz MgNg

With our test settings we get

7(Mp Ng) 10240(Mp Ng)
2048 MgNg

(Mp,Ng) = MNK- 1

and in Figure 10 we can see that the minimum moves towards larger block sizes
compared to Figure 7.

t/fm 2

'3

100" 8 20 40 60 80 150

NB

The minimum of (Mp, Ng) is now fulfilled by

t10adCSZ

Mg = Np = (13)

)
tsetup tload

which leads to the new optimal values Mg = Np 382,Kp 26 8 for our
parameter settings. If the time is plotted against Mp = Np, see Figure 11, the
minimum is shown more clearly.

We remark that if A and B are of equal size and we choose their block sizes
to csz 2, then both blocks fit into cache since from (10) we have

2
csz csz 2
4 , sz 4

= CS8%z
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ata tructures

In this section we will discuss the different ways of storing matrices, that is,
where should an element be placed in memory. We have implemented routines
that transforms a matrix stored in ordinary format into a new, blocked format.

.1 Traditional appin s

When storing a two-dimensional object such as a matrix into a one-dimensional
object such as the memory, we are facing the problem of choosing a mapping of
the different set of coordinates to each other. Traditionally, there has been two
alternatives, store by row or store by column. Fortran uses the column-major
order, in which columns are stored after each other, that is, we are going by
stride  for increasing row coordinates, see Figure 12. In order to calculate the
memory address for an element in a matrix we need the number of rows for the
matrix. The address is then

addr(4, ,,0=A4 ( 1) (c 1)- (14)

where A is the address of the first element in A and is the number of rows,
or leading dimension, of A. and c are one-based, that is, they start numbering
from 1. If we are going along a row, we are going by stride

1 4 7 1 4 7

@
w
©

In C, the rows are stored after each order, that is, we are going by stride
1 if we follow the same row. In order to calculate the memory address for an
element in a matrix stored in the C way, we need the number of columns for
the matrix,

addr(4, , ,0)=A ( 1)- (c 1 (15)

Both orderings have similar technical advantages and disadvantages. How-
ever, almost every scientific computing library uses the column-major order.
Fortran has three important advantages over C when writing programs for sci-
entific computing
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e It is possible to set the leading dimension for a matrix at run-time.
e Fortran has support for complex numbers.

e Fortran has traditionally had better compilers, partly because the lan-
guage has more restriction on pointers, which makes it possible for the
compiler to discard aliasing.

It is also quite easy to use column-major matrices in C, by using the preprocessor
and calculating the offset manually. The following example shows how to use
the preprocessor to hide explicit offset calculation.

void ill atrix double A int lda int r int c double value
de ine A r c A r 1lda [

int i
or i i r i
or c
Ai value xpands to A i 1da value
unde A I e need anot er A some ere else

For further discussions of these languages, see Met89 and KRS8 .

Consider how the Fortran method effects ordinary matrix by matrix multi-
plication in Figure 13 when blocking for cache. We loop by I1 J1 L1 I2 J2 L2.

In the innermost loop, we are accessing A( 1 2, 1 2) which according to
(14) corresponds to addr(A, , 1 2, 1 2)=4 1 2 (1 2) ,
if the loop indices starts with 0. If = ¢sz the cache size each element

in a row maps to the same congruence class in the cache. This leads to very
poor cache reuse, and thus limits the length of the I2 loop to the associativity
of the cache, in our case 4. This is called the bad problem . Many matrix
multiplication libraries overcome this problem by copying the small matrices
into temporary matrices before the I2 J2 L2 loops. This effect can be seen in
Figure 28, in which the DATBX routine has been measured.

EEY o2 2

1 1 L1
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.2 loc ed for ats

Fred Gustavson Gus98b suggests two new matrix formats, in which all matrices
are stored in a format convenient for blocked operations from the beginning.
In these formats, there is a one-to-one mapping between the ordinary Fortran
column-major format and the new ones, block row and block column. The block
column mode is shown in Figure 14.

bsz c=2

1611|1621 Vl1]6|1 16f2n]
2|7 12]17| 22 EI 27 |12 17| 227 2
3|8 13]18]23 I EREY FEYRTY PN I
49 |14|19|24 e 9 |14 19|24] 2 §
5 1015|20 25| s w0120 25| 2

BERIEIRIRE

1/2/6/7|3|4|8|9|5| 210 2[111216171314181915 2 20 72122 2| 22324 2| 225 2| 2| 2

To specify an array we now need to use the quadruple (A4, s, 8z, 82 )
instead of the pair (4, ), where A is a pointer to the array, s is the height
of the matrix in blocks, sz and sz is the size of the block submatrices. In
order to calculate the address of an element in A, we use the formula

1 c 1

addr(A4, s, sz, 8z, ,¢c) = A sz sz s

(1) s (e 1) s a9

The main advantage is that the leading dimension of the blocks, =

sz is small, much less than the cache size, which eliminates the bad leading

dimension problem and keeps the memory references within a block in a narrow

address space. Another advantage is that the the leading dimension is fixed.

This makes the pointer arithmetic much simpler when writing kernel routines
for the blocks.

There are some disadvantages however. The main problem is that from the
beginning, matrices are not stored in the block format and thus have to be copied
into the new format before used by routines which assumes the block format.
This operation does consume cycles, but since it is a  (n?) operation, we might
still gain performance if the subsequent main operation is a (n ) operation,

such as D . The second disadvantage is that one loses the possibility to easily
express an arbitrary rectangular block of the matrix. In the column-mode, if
we use (4, s,c 8) to select the whole matrix A(1 5,1 ¢ s), we
canuse (A (1 1) (a - , 2 1 liea ¢ 1) to select the

rectangular block. No such equivalent transformation is possible with the block
format, since the case of having the first element of the matrix the first element
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of a block is a special one, and all other cases need special handling. The block
column format also requires more space, but this is a minor problem since the

overhead portion diminishes when problem sizes grow.

We can now abstract the block multiplication and the multiplication of ma-

trices in block column format with equally sized square blocks ( sz = A

A, =B, =B, =Cs; =C; ) becomes

mult A a bro s B b bro s c cro s bs
DO I 1 bs
DO J 1 bs
DO L 1 bs

multblock min bs I 1 min bs J 1 min bs L

A Lbs Ibs abros bs bs
B Jbs Lbs bbros bs bs
I bs Jbs bbros bs bs

D DO
D DO
D DO

.3  Multilevel bloc s

1
1

1 bs

1

The algorithm above leads to good cache reuse for medium-sized problems that
fits into the level 2 cache. However, for larger problems, the algorithm makes a
poor job. A better algorithm for our target system, with a second level cache
size of 512 kB, or 65536 double words, is the following, which reuses all data in

level two cache.

mult A a bro s B b bro s c cro s bs
DO I1 1 bs 6
DO J1 1 bs 6
DO L1 1 bs 6

DO I2 I1 min 1 I16bs 1 bs
DO J2 J1 min 1J16bs 1 bs
DO L2 1 min 1L16bs 1 bs
multblock min bs I2 1 min bs

A L2 bs I2 bs a bro s
B J2bs L2 bs b bro s
I2 bs J2 bs b bro s

D DO
D DO
D DO
D DO
D DO
D DO

J2
bs
bs
bs

1 min bs
bs 1
bs 1
bs 1 bs

L2

There are room for 2048 double words in the level one (on-chip) cache on
the High Node. The maximum dimension of three equally sized square matrices

which fit in the cache is 2048 3 = 26. However, in order for the blocks to

32

1



fit better into level two cache we assume matrices of 24 by 24. Suppose that
loading a double word from the level two cache takes 5 cycles and we can do a
(24 x 24 x 24) multiply with a speed of 200 Mflops if data is in the level one cache.
Using the metrics for the IBM SP High Node, fetching the data from level two
cache takes 5 cycles per double word which gives 242-3-5 8640 cycles 771 s
for loading the three blocks, which gives a peak rate of

24 -2
24 -2 (200-10%) 771-10-6

128 Mflops

for problems fitting into the level two cache.

We can take this one step further. The level two cache is 64 kDW, which
means that the largest matrix dimension is 65536 3 = 147. This is why we
chose 24 as the inner block size. Now we can choose 6 - 24 = 144 as the outer
block size. Suppose that we can do a (144 x 144 x 144) multiply with a speed of
119 Mflops if data is in L2 cache. Fetching a double word from memory takes an
additional 15 cycles, that is 1442 -3-15 933000 cycles 833 s for loading
the three blocks into L2 cache. This means a peak rate of

144 -2
144 -2 (133-10) 778-10~

109 Mflops

for problems fitting into the memory.
Now, assume we need to use paging, that is when the matrices do not fit in
main memory, which is on 32 MDW, leading to matrices of size 3312 (23 - 144
2T3) Our measurements shows values in the range of 600 cycles per double
word for the average time to load a double word from disk. For a matrix multiply

of large matrices on disk this leads to

3312 -2

3312 -2 (109-105) 12600

86 1 Mflops

If the L loop is the innermost loop, we only need to touch each C-block once
in each block level, however. This means that we do not gain very much by
keeping the C-block in cache. In fact, we can base the maximum matrix sized
on the A and B blocks only. This means that the maximum blocking size of the

level one cache is 2048 2 = 32. With the same figures as above, we get the

value 140 Mflops for problems fitting in the level two cache. For the level two
cache we can fit 5 x 5 level one blocks in level two and consequently we obtain
120 Mflops for problems fitting in the main memory.

In practice, performance may be degraded if the operating system interferes
with the program or if the cache is not used in an optimal manner, for exam-
ple when the addresses clash, see the Section 6.2. The performance may also
decrease since we are not using all of the level two cache. If we base our calcula-
tions on level two blocks of size 180 x 180 instead of 160 x 160, the performance
figure changes from 120 to 122 Mflops.

It would be advantageous however, if we utilized the same restructuring
scheme for higher levels as well. Suppose we have a matrix of size 640 x 640. In
the above case, the address space of the upper left 5 x 5 blocks at size 32 x 32 will
not be contiguous, but instead there will be 5 x 32 x 32 double words for the first
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block column, then a gap of 15 x 32 x 32 double word before the second column.
In bad cases, we will once again encounter bad leading dimensions, not as serious
as without any block restructuring, but it will still degrade performance. What
we would like is another blocking level, blocked block row . Such a scheme
would be very intricate, however, and it would still only solve the problems for
one more block level. It is also necessary that the functions which operates on
the matrix know how the matrix is blocked, something which might not be easy
to maintain if the blocking information is implicit.

rbitrar ordered bloc ed atri for at

In order to get an easier and more practical mapping scheme for matrix blocks,
we defined the blockmatrix structure as a struct in C. This block structure
uses the column-major format for its innermost blocks. Using a fixed structure
in the innermost blocks is necessary in order to obtain efficient kernel routines.
The blockmatrix structure consists of five attributes, shown in Table 2 and
Figure 15.

ro s Number of rows in A.
cols Number of columns in A.
blocks _r Size of each innermost block in rows.
blocks _c Size of each innermost block in columns.
ro s cols .
blockaddress . pointers to each
blocks blocks _c
block of size blocks _r X blocks _c.

cols=5
bsz c=2
1]/6|11|1621 V|1 6|1116|21) 2
2712|1722 g' 2 7|12 17|22 2 .
3|8 |13]18|23 3| 8 13 18] 23] 2 | %
4914|1924 4 9_.*  1419 24| 2 2
5/10|15|20 | 25 N _,1'0 15 20|25 2
=y 99 2] 2
b 2 V 2
blockadress: | | | [ | | | | | |

257?|?|?2122?|?|5|?10?(3|4|8|9|1|2|6|7 1112161715 ?20 ?12324 ?| 713141819

In our first version of the blockmatrix structure, there were also the at-
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tributes bro s and bcols which denoted the number of blocks vertically and
horizontally. But since bro s and bcols can be expressed as ——— and
respectively, we removed them from the record. blockaddress is a
vector of pointers to the addresses of each block.
We have two C functions that performs basic mapping

struct blockmatrix n2b_col double A int lda int ro s int cols

n2b_col builds a blockmatrix structure from a conventionally stored rectan-
gular block of A, of size ro sxcols. The sub-blocks are stored in column-major
order and the size of the sub-blocks is fixed by the constant B I  (the sub-
blocks are square). The memory for the record, the pointer vector and the
sub-blocks are allocated in one big block, so to free the memory used by the
block matrix, one only has to ree the pointer to the blockmatrix.

void b2n struct blockmatrix b double A int lda

b2n copies the matrix stored in b from the blocked storage format back into
the column-major format and stores the result in A. The matrix in b can be
ordered in any way and is not altered.

Both procedures load with stride n and store with stride 1, since our mea-
surements have shown, see Section 12.1, that the penalty for storing with stride
is greater than loading with stride.
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